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2.1 Improper Inteqgrals.
A- Infinite Interval.

In this kind of integral one or both of the limits of integration are infinity.

In these cases the interval of integration is said to be over an infinite
interval.

Example 1 Evaluate the following integral.

|
J —zdx
1 X
Solution.

To see how we’re going to do this integral let’s think of this as an area problem. So instead of

: : . : 1 :
asking what the integral is, let’s instead ask what the area under f(x)=—; on the interval
[10) is.

We still aren’t able to do this, however, let’s step back a little and instead ask what the area under
f(x) is on the interval [l, r] where 7 >1 and #is finite. This is a problem that we can do.

t
4, =j %a’xz—l

1 X X

t

1!
1 t

Now, we can get the area under f(x) on [1, ) simply by taking the limit of 4, as 7 goes to
infinity.

t—>x0 f— f

A=lm4, = lim(l—l):l

This is then how we will do the integral itself.

@ t

—de =lim — dx
1 X f—>0 1 ‘:\-

= lim( —l}
t—>0 X .

= lim(l—lJ =1
t—>0 j’

Let’s now get some definitions out of the way. We will call these integrals convergent if the
associated limit exists and is a finite number (i.e. it’s not plus or minus infinity) and divergent if
the associated limit either doesn’t exist or is (plus or minus) infinity.

t

Let’s now formalize up the method for dealing with infinite intervals. There are essentially three
cases that we’ll need to look at.
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i I I‘: f (x)dx exists for every ¢ > a then,

el G

provided the limit exists and is finite.

b
2. If J‘t f(x)dx exists for every f <b then,

j_:f(x)dx = lim jtbf(x)dx

t——o

provided the limits exists and is finite.

3. If J-_C f(x)dx and '[ =5 (x)dx are both convergent then,

[ ()= f () [ F ()

Example 2 Determine if the following integral i1s convergent or divergent and 1f it’s convergent
find its value.

*1

—[ —dx

1 X
Solution
So, the first thing we do is convert the integral to a limit.

1 : "1
J —dx=lm | —dx

1 X P )X

Now, do the integral and the limit.

j ld.\'zlimln(,\‘);

lx t—w

=li_1£(111(t)—h11)

=a0

So, the limit 1s infinite and so the integral 1s divergent.
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Fact
If a >0 then

J de
a XF

is convergent if p >1 and divergentif p <1.
Example 3 Determine if the following integral is convergent or divergent. If it is convergent

find its value.

0

1
f dx

wV3—Xx
Solution
There really 1sn’t much to do with these problems once you know how to do them. We’ll convert
the integral to a limit/integral pair, evaluate the integral and then the limit.

J;ﬁdx:,@éﬁoﬁd"
- Jim 23]
=i (243 243-)
=23+

=

So, the limit is infinite and so this integral is divergent.
Example 4 Determine if the following integral is convergent or divergent. If it is convergent

find its value.
© 2
j xe " dx
=

Solution
In this case we’ve got infinities in both limits and so we’ll need to split the integral up into two

separate integrals. We can split the integral up at any point, so let’s choose a =0 since this will
be a convenient point for the evaluation process. The mtegral is then,

® 42 0 42 © .2
_‘- xe ' dx= J. xe " dx+j xe ' dx
—mo o 0

We’ve now got to look at each of the individual limits.

0o .2 02
j xe ' dx= lou. xe " dx
—0 t—>—w
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0

1—>—

= lim (—le—'\'z )
2

t

. 1 1 _,2)
=lm| -——+—e
t——o 2

1
2
So, the first integral is convergent. Note that this does NOT mean that the second integral will
also be convergent. So, let’s take a look at that one.

© 42 . t _42
J. xe ' dx= hmJ' xe ™V dx
0 t—wod 0

_ ( 1 ]
=lim| ——e
t—® 2 0

= lim(—le"2 +1J
t—o 2 2

t

This integral is convergent and so since they are both convergent the integral we were actually
asked to deal with is also convergent and its value is,

© —\‘2 0 _‘,2 © _“2 1 1
I xe dxzj xe dx+J xe di=——+—=0
~ * 0 2 2
Example 5 Determine if the following integral is convergent or divergent. If it is convergent

find its value.

w .
I sin x dx
-2

Solution
First convert to a limit.

w - - r -
I sin xdx =lm J- Sin x dx
2 t—m J —

t

=}1_1)g(—cosx)

= lim(cos 2 —cost)
—0
This limit doesn’t exist and so the integral 1s divergent.

B- _Discontinuous Integrand.
We now need to look at the second type of improper integrals that we’ll be

looking at in this section. These are integrals that have discontinuous integrands.
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The process here is basically the same with one subtle difference. Here are the
general cases that we’ll look at for these integrals.

1. If f(x ) 1s continuous on the interval [a b) and not continuous at x =5 then,

Iaf x)da—hmj. f(x)dx

t—b
provided the limit exists and is finite. Note as well that we do need to use a left hand
limit here since the interval of integration is entirely on the left side of the upper limit.

% K fix ) is continuous on the interval (a, b] and not continuous at x =a then,

j f(x d,\—lun_.- f(x

provided the limit exists and is finite. In this case we need to use a right hand limit here
since the interval of integration is entirely on the right side of the lower limit.

3. If f(x) isnot continuous at x =c¢ where a <c <b and I f(x)dx and j f(x
are both convergent then,
[[r(x)ax=[f(x)dx+ [ f(x)dx

As with the infinite interval case this requires BOTH of the integrals to be convergent in
order for this integral to also be convergent. If either of the two integrals 1s divergent
then so 1s this integral.

c b
4. If f(x) is not continuous at x =gand x =band ifj. f(x)dx and I f(x)dx are
both convergent then,

jf da—jf dx+j x)dx

Where ¢ is any number. Again, this requires BOTH of the integrals to be convergent in
order for this integral to also be convergent.
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Example 6 Determine if the following integral is convergent or divergent. If it is convergent

find its value.
|
J dx
0 3—x
Solution

The problem point is the upper limit so we are in the first case above.

3 t
1 ) |
————dx=lim | —=dx
Jo V3—x '*3_J0V3—x
= lim(—2w/3—x)

t—3"

0
=lim (2\/5 - 2@)

t—3"

— i

The limit exists and is finite and so the integral converges and the integral’s value is 2x/§ i

Example 7 Determine if the following integral is convergent or divergent. If it is convergent

find 1ts value.
> 1
f -3 dx
-2 X
Solution
This integrand is not continuous at x =0 and so we’ll need to split the integral up at that point.

1 °1 1
j —3dx:j —3dx+ —3d;/\

2 X 2 X oX

Now we need to look at each of these integrals and see if they are convergent.
0 t
1 : 1
j —dx =l J —5dx
X =0~ 2 X
=lim| —
t—>0" 2x° L
. ( 1 1 )
=lm| -——+—
=0~ 2t 8
= -0

At this point we’re done. One of the integrals is divergent that means the integral that we were
asked to look at is divergent. We don’t even need to bother with the second integral.
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Example 8 Determine if the following integral is convergent or divergent. If it is convergent
find its value.

1

5 dx

o X
Solution
This is an integral over an infinite interval that also contains a discontinuous integrand. To do
this integral we’ll need to split it up into two integrals. We can split it up anywhere, but pick a
value that will be convenient for evaluation purposes.

@ 1 @
j i,dxzj %dx+j ijdx
0o X~ 0 X 1 X

In order for the integral in the example to be convergent we will need BOTH of these to be
convergent. If one or both are divergent then the whole integral will also be divergent.

We know that the second integral is convergent by the fact given in the infinite interval portion
above. So, all we need to do is check the first integral.

1 1

f L,dx = lilllj dex
% +—0" ;X

1

) 1
=lm| ——
t—0" X 1

= lim(—l+1J
t—0* t

=

2.2Comparison Test for Improper Integrals.

Now that we’ve seen how to actually compute improper integrals we need to
address one more topic about them. Often we aren’t concerned with the actual
value of these integrals. Instead we might only be interested in whether the
integral is convergent or divergent. Also, there will be some integrals that we
simply won’t be able to integrate and yet we would still like to know if they
converge or diverge.

To deal with this we’ve got a test for convergence or divergence that we can use
to help us answer the question of convergence for an improper integral.
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