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B- Surface Area.
The surface area of a frustum is given by,

A=2nrl
where,

1 . :
r= E(r1 +1) 1, =radius of right end
r, =radius of left end

and / 1s the length of the slant of the frustum.

For the frustum on the interval [x,._l , x,.] we have,
rn=r(x)
Cn=f()
I=|P_ P| (length of the line segment connecting P, and P_,)

We know from the previous section that,

* 2 * . - -
=1+ [ f ’(xi ):| Ax  where x; is some point in [x,_, ]

B, P

Before writing down the formula for the surface area we are going to assume that Ax is “small”
and since f (x) is continuous we can then assume that,

f(“‘:)zf(":) and f(xi_l)zf(:\‘;)

So, the surface area of the frustum on the interval [x,._l . x,.] 1s approximately,
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P, P

Aizzﬂ(f(x-,-)2f<xi-l))

= ’ * 2
z2;rf(x,.) 1+[f (x,.)] Ax
The surface area of the whole solid 1s then approximately,

Sngrf(x:) ()] ax

and we can get the exact surface area by taking the limit as »n goes to infinity.

s:ngiz;znf(x;),h{ff(x;)f Ax
= f:ZEf(x)mdA'

If we wanted to we could also derive a similar formula for rotating x = /() on [c, d ] about the
v-axis. This would give the following formula.

§ =fj2”"(}')\/1+[h’(y)]2 dy

S= j. 2ryds rotation about x — axis

Surface Area Formulas

S= I 2xxds rotation about y — axis
where,

2
ds = 1+(a’_y) dx  ify=f(x),a<x<b

2
ds = 1+[d—l] dy ifx=h(y).c<y<d

Example 1 Determine the surface area of the solid obtained by rotating y =+/9— a7,
—2 < x <2 about the x-axis.

Solution
The formula that we’ll be using here is,

S= I27ryds
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Let’s first get the derivative and the root taken care of.

dy 1 = X
(02 (2) = ——

(9 —x’ )5

Here’s the integral for the surface area.

S =

2
27ry4dx
-2 Vo—x*

There is a problem however. The dx means that we shouldn’t have any »’s i the integral. So,
before evaluating the integral we’ll need to substitute i for y as well.

The surface area is then,

S:J 2/r\/9—x2%dx

-2 9—x
2
=| 6xdx
-2

=24

Example 2 Determine the surface area of the solid obtained by rotating y = %/T ,1<y<2
about the y-axis. Use both ds’s to compute the surface area.

Solution
Note that we’ve been given the function set up for the first ds and limits that work for the second
ds.

Solution 1
This solution will use the first ds listed above. We’ll start with the derivative and root.
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dy 1 -2

_3 =3 3

i \/ 4

, d\ 2+l Y923 +1
4 2
dA 3 2)3

We’ll also need to get new limits. That isn’t too bad however. All we need to do is plug in the
given y’s into our equation and solve to get that the range of x’s is 1 < x <8 . The integral for the

surface area is then,
8 \/47
9x3 +1

S=| 2ax———dx

j V9A +1dx

wlw

Using the substitution
4 1

u=9x3 +1 du =123 dx
the integral becomes,

T el45
S:E o \/;du

3 145
LI
27 0
3 3
1452 -102 |=199.48
27

Solution 2
This time we’ll use the second ds. So, we’ll first need to solve the equation for x. We’ll also go
ahead and get the derivative and root while we’re at it.

The surface area is then.
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§=["2mx 149" dy

We used the original y limits this time because we picked up a dy from the ds. Also note that the
presence of the dy means that this time, unlike the first solution, we’ll need to substitute in for the

x. Doing that gives,
— ? r3 4 ’ = »4
S—L 27y A1+ 9y" dy u=1+9y

_T 145‘/1—”1"
18710

33
:1[14-2 —102J:199.48
27

Note that after the substitution the integral was identical to the first solution and so the work was
skipped.

3.2Parametric Equations and Curves.
To this point (in both Calculus I and Calculus IT) we’ve looked almost exclusively at functions
the form y = f(x) or x=h( y) and almost all of the formulas that we’ve developed require

that functions be in one of these two forms. The problem is that not all curves or equations that
we’d like to look at fall easily into this form.

Take, for example, a circle. It is easy enough to write down the equation of a circle centered at
the origin with radius r.

2 2 2
XT+y =r

However, we will never be able to write the equation of a circle down as a single equation in
either of the forms above. Sure we can solve for x or y as the following two formulas show

2
y== rt—x? X = J_r\frz -y

but there are in fact two functions in each of these. Each formula gives a portion of the circle.

y=Nr*—x* (top) x=4/r’ =y  (rightside)

y=-r’—x" (bottom) x=—r’—y" (left side)

There are also a great many curves out there that we can’t even write down as a single equation in
terms of only x and y. So, to deal with some of these problems we introduce parametric

equations. Instead of defining v in terms of x (y = f ( x)) orx in terms of y (x = h(y)) we

define both x and v in terms of a third variable called a parameter as follows,

x=f(1) y=g(1)
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Each value of 7 defines a point (x,y)= ( f(t).g(t )) that we can plot. The collection of points

that we get by letting 7 be all possible values is the graph of the parametric equations and is called
the parametric curve.

Example 1 Sketch the parametric curve for the following set of parametric equations.
x=t>+t y=2t-1
Solution

At this point our only option for sketching a parametric curve is to pick values of 7, plug them into
the parametric equations and then plot the points. So, let’s plug in some #’s.

[ X vV
|
-2 2 -5
-1 0 |-3
1 1
3 | 7% |2

0
1

o o

-1
1

We have one more idea to discuss before we actually sketch the curve. Parametric curves have a

direction of motion. The direction of motion is given by increasing t. So, when plotting parametric
curves we also include arrows that show the direction of motion.

Here is the sketch of this parametric curve.

o=
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Example 2 Sketch the parametric curve for the following set of parametric equations.
x=1 +t y=2t-1 —-1<t<1
Solution
Note that the only difference here is the presence of the limits on 7. All these limits do is tell us
that we can’t take any value of ¢ outside of this range. Therefore, the parametric curve will only
be a portion of the curve above. Here is the parametric curve for this example.
¥

Example 3 Sketch the parametric curve for the following set of parametric equations. Clearly indicate
direction of motion.

x=5cost y=2snt 0<t<2r7@
Solution

An alternate method that we could have used here was to solve the two parametric equations for
sine and cosine as follows,

- ]
2 /

cost=— st ==
5 2

Then, recall the trig identity we used above and these new equation we get,

2 N 2 L2
1:coszf+sinzt:(i) +(l) _X . J
5 2 25 4
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So, here is a table of values for this set of parametric equations.

r | x| v
0 [5]0
21012
b4 S0
Zlo|-2
27 | S| O

It looks like we are moving in a counter-clockwise direction about the ellipse and it also looks
like we’ll make exactly one complete trace of the ellipse in the range given.

Here is a sketch of the parametric curve.

Example 4

The path of a particle is given by the following set of parametric equations.
x=3cos(2t) y:1+cosz(2r)

Completely describe the path of this particle. Do this by sketching the path, determining limits on
x and y and giving a range of #’s for which the path will be traced out exactly once (provide it
traces out more than once of course).

Solution
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Eliminating the parameter this time will be a little different. We only have cosines this time and
we’ll use that to our advantage. We can solve the x equation for cosine and plug that into the
equation for y. This gives,

2 2
COS(:ZI‘)Zi J’:l"‘(i) :1+L
3 3 9
This time we’ve got a parabola that opens upward. We also have the following limits on x and y.
—1<cos(2t)<1 —3<3cos(2f)<3 -3<x<3
0<cos’(2t)<1 1<1+cos’(2¢)<2 l<y<2

So, again we only trace out a portion of the curve. Here’s a set of evaluations so we can
determine a range of #’s for one trace of the curve.

to| x|
0 302
Z 1ol
4
T

— | -3 |2
2

3

_’T 0 |
4
T 312

So, it looks like the particle, again, will continuously trace out this portion of the curve and will
make one trace in the range 0 <t <Z . Here is a sketch of the particle’s path with a few value of’

fonit.

y
t=% =07
2+
=5 37
L=
| | | | | | x
-3 -2 -1 0 1 2 3
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