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4.3Tangents with Polar Coordinates.
We now need to discuss some calculus topics in terms of polar coordinates.

We will start with finding tangent lines to polar curves. In this case we are going to assume that
the equation is in the form » = f (9] . With the equation in this form we can actually use the

. ... dy . . . .
equation for the derivative d_} we derived when we looked at tangent lines with parametric
X
equations. To do this however requires us to come up with a set of parametric equations to

represent the curve. This is actually pretty easy to do.

From our work in the previous section we have the following set of conversion equations for
going from polar coordinates to Cartesian coordinates.

x=rcos@ y=rsmé
Now, we’ll use the fact that we’re assuming that the equation is in the form » = f (6’) .

Substituting this into these equations gives the following set of parametric equations (with &as
the parameter) for the curve.

x=f(6)cosO y=f(0)sino
Now, we will need the following derivatives.
ﬁ:f'(é’)cosé?—f(é?)sin19 @:f'(é')sin&#f((’?)cos@
de do
zﬂcosﬁ—rsin@ :—rsin(9+rcos(9
do do
The derivative d—} is then,
x
Derivative with Polar Coordinates
dr .
d —simf@+rcosf
dy _do
dr :
dx  ar cos@—rsmn b
de
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Example 1 Determine the equation of the tangent line to » =3+8siné at 6 = T

Solution

We’ll first need the following derivative.
d .
a_ 8cosO
de

The formula for the derivative Y becomes,

dx
dy 8cos@sin@+(3+8sinb)cos®  16cos@sinb+3cos
dx SCOSZQ—(3+85in9]sin9 " 8cos’O—3sin6—8sin O

The slope of the tangent line 1s,

4\/§+3\/§

_dy 2 13

dx

m

o= 4— >
Now, at 6 =Z we have » =7. We’ll need to get the corresponding x-y coordinates so we can

Vg 7\@ (7 7
x=Tcos| — |=—— y=Tsin| — |=—
6 6 2

2

get the tangent line.

The tangent line is then,

YT 2

For the sake of completeness here is a graph of the curve and the tangent line.

7+11\/§{'x_7~/§]

12
r=3+8sn8é
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4.4 Arc Length with Polar Coordinates.
In this section we’ll look at the arc length of the curve given by,
r=f(0) a<O<p

where we also assume that the curve is traced out exactly once. Just as we did with the tangent
lines in polar coordinates we’ll first write the curve in terms of a set of parametric equations,

x=rcos6 y=rsinf
= f(6)cosé = f(6)sin®
and we can now use the parametric formula for finding the arc length.

We’ll need the following derivatives for these computations.

ﬁ:f'(lf»‘)u::osl§»’—j"(6’)si116’ %:

de f'(0)sin@+ f(6)cos b

:ﬁcose_rsing zﬁsin(9+rc036‘
de
We’ll need the following for our ds.
[d_x) +(d—}) :(ﬂcosﬁ—rsiné’] +(£siu€+rcos6’)
de de de ae _

dr ’ 2 dr - 2 -2
— | cos"@—-2r—cosOsmP+r-sm° 6
de de

dr\ d
+(—}J sin’ @ + Zr—rcosﬁsin6'+r2 cos’ 6
do do

2
= {%J (c::os2 6 +sin’ 6‘)+ r? (o::os2 6 + sin’ (9)

5 [drf
=r 4| —
de

The arc length formula for polar coordinates is then,

L:Ids

where,
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Example 1 Determine the lengthof r=6 0<6<1.

Solution
Okay, let’s just jump straight into the formula since this is a fairly simple function.

L:j;\/ﬁzﬂdﬁ

We’ll need to use a trig substitution here.

6 =tan x d6 =sec’ xdx
=0 O=tanx x=0
=1 l=tanx x:£

4
Jé’z +1 :\/tan?‘x+1 :\/sec?‘x :|secx =secx

The arc length 1s then,

L:J.le/@2+ld6*

i

7.3
:j“sec xdx

0

T
:%(secxtanx+ln‘secx+tanx|) '

0

(\/EJrln(ler/E))

_1
2
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4.5Area Polar Coordinates.

The equation of a curve in polar coordinates is given by » = f(9). To find the
area bounded by the curve r = f(#), the rays 8 = o and 6 = 3, divide the angle g — «
into n-parts by defining A¢ = =% and then defining the rays

QD:D,‘, 91 :30+A9,...,9,':61_1+A9,...,9n:9n_1+A9:[3

The area between the rays ¢ = 6;,_; , 8 = 6; and the curve r = f(9), illustrated in the

figure below, is approximated by a circular sector with area element
1,
2

where A9; = 0; — 0;_; and r; = f(#;). A summation of these elements of area between

dA; = —12A8; = % £2(6;) Ab;

the rays 8 = o and 8 = 8 gives the approximate area
n n 1 n 1
2 2
Z dA; = Z 57 Af; = Z §f (0;) A6,

=3

r=7(9)
YA 6,

O—cx

ol
Area of circular sector=21+2a¢0

Approximation of area by summation of circular sectors.

This approximation gets better as A¢; gets smaller. Using the fundamental

theorem of integral calculus, it can be shown that in the limit as n — oc, the equation

defines the element of area dA = %TQ d6. A summation of these elements of

area gives

B 1 78 1 P
Polar Area:/ dA:Ef r2df = —f 2(0) ds

(2} 23 2
v
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Example 1. Find the area bounded by the polar curve
r=9rgcosf for0<o<r.
Solution
One finds that the polar curve r = 2rgcos, for 0 < 8 < =, is a circle of radius rg
which has its center at the point (7, 0) in polar coordinates. Using the area formula
given by equation (3.121) one obtains

Area = 1 / (2rgcos@)? df = 27'3_/ cos? 6 df = r%f (cos20 +1)dd =rg [M + 9:| = re
2 0 0 0 2 0
So, that’s how we determine areas that are enclosed by a single curve, but what about situations

like the following sketch were we want to find the area between two curves.

In this case we can use the above formula to find the area enclosed by both and then the actual
area is the difference between the two. The formula for this is,

A fﬂl(rz —rl)dt?
2 o 1
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Example 2 Determine the area that lies inside » =3+ 2sin & and outside » = 2.

Solution
Here is a sketch of the region that we are after.

=3+ 2508

r=2

To determine this area we’ll need to know the values of & for which the two curves intersect. We
can determine these points by setting the two equations and solving.
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3+2smé =2
) 1 Tm 11z
sm@=—— = o= —
2 6 6

Here 1s a sketch of the figure with these angles added.
r=3+2s51n8

g=11 —_A Ux
6 &= 6' 6

Note as well here that we also acknowledged that another representation for the angle LZ is

—Z% . This is important for this problem. In order to use the formula above the area must be

enclosed as we increase from the smaller to larger angle. So, if we use X to 2 we will not

enclose the shaded area, instead we will enclose the bottom most of the three regions. However if
we use the angles —Z to X we will enclose the area that we’re after.

So, the area is then,

Tz
e 61((3+2sims')2—(2)2)(;149
)2
2z
= | * ~(5+12sin 6+ 4sin’ ) do
Jx2
I
= 25(7+1251n972c05(29])d9

6
7
:%(79—12.-.:059—@(29)) ’

=%+MT”=24.187
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Example 3 Determine the area of the region outside » =3+ 2sin & and inside » =2.

Solution
This time we’re looking for the following region.

r=3+2ané

4
5:% = 2 E=_%’HTH
So, this is the region that we get by using the limits 2Z to 1% . The area for this region is,
11z
(6 1 2 . 2
a=| E((2) ~(3+25in6)’)do
6
_|° —(—5—12si116’—4si112 9)d6’
Jiz 2
6
- 6—(—?—125i116+2005(26’))d6’
J1T 2

6
lx

~L(-70+12¢030+sin(20)) °
2 7_»

6

13 77

==Y 7219
2 3

Example 4 Determine the area that is inside both ¥ =3+ 2sin@ and r=2.

Solution
Here 1s the sketch for this example.

80



University of Anbar Calculus Il Group
College of Engineering Phase: 1
Department: Civil, Mechanical,

Dams, Electrical, and Petro-chemical Semester 11 (2017-2018)

r=34+251n8

da -

In this case however, that is not a major problem. There are two ways to do get the area in this
problem. We’ll take a look at both of them.

Solution 1

In this case let’s notice that the circle 1s divided up into two portions and we’re after the upper
portion. Also notice that we found the area of the lower portion in Example 3. Therefore, the
area 1s,

Area = Area of Circle — Area from Example 3
= 7(2)" -2.196
=10.370
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Area = Area of Limacon — Area from Example 2

2
— [ L(3+2sin6) d6-24.187
J 0 2
r'2}rl
- —(9+12sin 6 +4sin” 0)d6 —24.187
Jo 2
.-'2.1'2'1
= 5(1l+125m6—2c05(28))d6—24.18?
< 0
1 27
:E(l16’—12c05(9)—sin(26’)) —24.187
0
=117—24.187
=10.370
Problems Sheet No.4

Problems.

A- Polar Coordinates.

1. For the point with polar coordinates (2%) determine three different sets of coordinates for the

same point all of which have angles different from £ and are in the range —27 <8 <2rx.

2. The polar coordinates of a point are (—5, 0.23) . Determine the Cartesian coordinates for the

point.

3. The Cartesian coordinate of a point are (2_, —6) . Determine a set of polar coordinates for the

point.

4. The Cartesian coordinate of a point are (—8, 1) . Determine a set of polar coordinates for the

point.
For problems 5 and 6 convert the given equation into an equation in terms of polar coordinates.

4x

5. —5—5=6-xy
3x7 +3y° i

6. x* :ﬁ73y2+2
}.’

82



University of Anbar Calculus Il Group
College of Engineering Phase: 1
Department: Civil, Mechanical,

Dams, Electrical, and Petro-chemical Semester 11 (2017-2018)

For problems 7 and § convert the given equation into an equation in terms of Cartesian
coordinates.

7. 6r°sin@=4—cos@

8.

2 )
——=smné&—secd
”

For problems 9 — 16 sketch the graph of the given polar equation.

9. coséd :E
P

10. 0=—2

3
11. r =—14cos@
12. r=7
13. ¥ =9sin @
14. r =8+ 8cos O
15. r=5—-2smé

16. ¥y =4—9s1in @

Problems Sheet No.4
B- Tangents with Polar Coordinates.

1. Find the tangent line to » = sin (49) CcOs (6‘) at @ = % :

2. Find the tangent line to » =& —cos(é’) at 8 = 37;1' :
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C- Area with Polar Coordinates.

1. Find the area inside the inner loop of ¥ =3—8cos @ .

2. Find the area inside the graph of » =7+ 3 cos & and to the left of the y-axis.
3. Find the area that is inside » =3+ 3sin @ and outside » =2.

4. Find the area that is inside » =2 and outside » =3 +3smn 6.

5. Find the area that is inside » =4 —2cos & and outside » =6+ 2cos 6.

6. Find the area that is inside both ¥ =1—sin @ and » =2 +siné.

D- Arc Length with Polar Coordinates.
1. Determine the length of the following polar curve. You may assume that the curve traces out
exactly once for the given range of 4.

r=—4sm@,0<6<nmw

For problems 2 and 3 set up, but do not evaluate, an integral that gives the length of the given
polar curve. For these problems you may assume that the curve traces out exactly once for the
given range of 4.

2.r=0cos@,0<0<rx

3. r=cos(20)+sin(30), 0<0<2rx
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