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The Open Mapping Theorem
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2.2 Open Mappings and Closed Graphs

2.2.1 The Open Mapping Theorem

A map f: X — Y between topological spaces is called open if the image of
every open subset of X under f is an open subset of Y.

Theorem 2.8 (Open Mapping Theorem). Let X,Y be Banach spaces
and let A: X =Y be a surjective bounded linear operator. Then A is open.

Proof. See page O

The key step in the proof of Theorem [2.8]is the next lemma, which asserts
that the closure A(B) of the image of the open unit ball B € X under a
surjective bounded linear operator A : X — Y contains an open ball in Y
centered at the origin. Its proof relies on the Baire Category Theorem [I.55]
Lemma [2.10] below asserts that if an open ball in Y centered at the origin is
contained in A(B) then it is contained in A(B).

Lemma 2.9. Let X, Y, and A be as in Theorem Then there exists a
constant 0 > 0 such that
{yeY|llylly <dé} c{Az|z € X, [lz], < 1}. (2.6)
Proof. For C C Y and A > 0 define A\C' := {Ay|y € C}. Consider the sets
B:={z e X| ||z], <1}, C:=A(B)={Az|z e X, |z||, < 1}.

Then X =, en nB and so Y = |J, .y A(nB) = |J,oy nC because A is sur-
jective. Since Y is complete, at least one of the sets nC' is not nowhere dense,
by the Baire Category Theorem m Hence the set nC has a nonempty in-
terior for some n € N and this implies that the set 2-1C' has a nonempty
interior. Choose yy € Y and 4 > 0 such that

Bjs(yo) C 271C.

We claim that ) holds with this constant 6. To see this, fix an ele-
ment y € Y such that ||y||y < &. Then yo+y € 271C and yo € 2-1C. Hence
there exist sequences z;, =, € 27! B such that

yo+y=lim Az},  yo= lim Az,.
1— o0 1—00

Hence 7}, — z; € B, so A(z}, — ;) € C, and y = lim;_,, A(z} — z;) € C.
Thus ([2.6) holds as claimed. This proves Lemma O



Lemma 2.10. Let X and Y be Banach spaces and let A : X — Y be a
bounded linear operator. If § > 0 and

{yeY|llylly <é} c{Az|z e X, z|y <1}, (2.7)

then
{veY|lylly <o} c{Az|z e X, |lzfly <1}. (2.8)
Proof. The proof is based on the following observation.

Claim. Lety € Y such that ||y||,, < d. Then there exists a sequence (xy)ien,
in X such that

llly . 6 —llylly
T}a lzelly < ook fork=1,2,3,...,

5— 1l
ly — Azg — - - - — Azl <% fordk:=0;1;2,.:::

”IOHX <
(2.9)

We prove the claim by an induction argument. By (2.7 the closed ball of
radius 4 in Y is contained in the closure of the image under A of the open
ball of radius one in X. Hence every nonzero vector y € Y satisfies

ye {Az|z e X, |zllx <6 lylly}- (2.10)

Fix an element y € Y such that ||y||,, < ¢ and define £ := 0 — ||y|l,, > 0.
Then, by (2:10), there exists a vector zg € X such that ||lzol, <& ' |lylly
and ||y — Azg|ly < €271, Use again with y replaced by y — Axq to find
a vector z; € X such that ||zq||, <6271 and ||y — Azg — Azy||, <272
Omnce the vectors g, ...,z have been found such that holds, we have
ly — 3% o Azi|ly < £27%! and so, by (2.10), there is a vector zj,; € X such
that ||ze+1|x < €67127%! and ||y — Z,-kzo Azx; — Azpn|ly < £27%2. Hence
the existence of a sequence (z)ren, in X that satisfies ) follows from the
axiom of dependent choice (see page . This proves the claim.

Now fix an element y € Y such that ||y||,, < . By the claim, there is
a sequence (zp)ren, in X that satisfies and hence "5, llzxllx < 1. It
then follows from Lemma |1.45|that the limit z 1= 35° 7% = liMg 00 3 or_g T
exists. This limit satisfies the inequality ||z|, < 377 llzkllx < 1 as well
as Az = limy_, Zf:o Azx; = y. Here the last equation follows from ([2.9)).
This proves the inclusion (2.8) and Lemma [2.10] O




Proof of Theorem[2.8, Let 6 > 0 be the constant of Lemma [2.9) and denote
by B C X be the open unit ball. Then B;s(0;Y) C A(B) by Lemma @ and
hence B;(0;Y) C A(B) by Lemma

Now fix an open set U C X. Let y5 € A(U) and choose zy € U such
that Azg = yo. Since U is open there is an £ > 0 such that B:(z¢) C U.
We prove that Bs.(yo) C A(U). Choose y € Y such that |y — yol|, < 0.
Then ||~ !(y — yo)|ly < & and hence there exists an element ¢ € X such that

Iy <1,  AE=e""(y—w)-

This implies y = yo+cA{ = A(zo+<f) € A(U), because zo+cf € B:(xo) C U.
Thus we have proved that, for every yp € A(U), there exists a number ¢ > 0
such that Bs-(yo) € A(U). Hence A(U) is an open subset of Y and this
proves Theorem [2.8 O

If A: X — Y is a surjective bounded linear operator between Banach
spaces, then it descends to a bijective bounded linear operator from the
quotient space X/ ker(A) toY (see Theorem. The next corollary asserts
that the induced operator A : X/ker(A) — Y has a bounded inverse whose
norm is bounded above by § !, where the constant § > 0 is as in Lemma

Corollary 2.11. Let X, Y, and A be as in Theorem [2.§ and let 6 > 0 be
the constant of Lemma[2.9. Then

x 67 wlly forally €Y. (2.11)

1ol =t

Az=y
Proof. Let y € Y and choose a constant ¢ > § ! ||y|ly. Then |c'y|ly <&
and so, by Lemma 2.9 and Lemma [2.10] there exists an element £ € X such
that A¢ = ¢ 'y and ||¢]|x < 1. Hence x := £ satisfies ||z||y = c||¢]lx < ¢
and Axr = cA¢ = y. This proves and Corollary 2.11 O

An important consequence of the open mapping theorem is the special
case of Corollary where A is bijective.

Theorem 2.12 (Inverse Operator Theorem). Let X and Y be Banach
spaces and let A : X — Y be a biyjective bounded linear operator. Then the
inverse operator A™' 1Y — X is bounded.

Proof. By Theorem the linear operator A : X — Y is open. Hence its
inverse is continuous and is therefore bounded by Theorem [I.I7} Alterna-
tively, nse Corollary to deduce that ||[A~!|| < 67!, where § > 0 is the
constant of Lemma [2.9] O



Corollary 2.16. Let X be a Banach space and let X1, Xo C X be two closed
linear subspaces such that X = X1 @ X, 2.e. X1N X = {0} and every vector
x € X can be written as x = x1 + w9 with x1 € X; and x5 € X5. Then there
erists a constant ¢ > 0 such that

Izl + llz2ll < ellz1 + o] (2.12)
for all xy € Xy and all x5 € X5.
Proof. The vector space X; x X5 is a Banach space with the norm function
Xy % Xz = [0,00) : (z1,22) = [|(z1, 22)| = llzl] + [l

(see Exercise and the linear operator A : X; x Xo — X, defined by
A(zy,x9) 1= z1 + x9 for (z1,79) € X; x Xy, is bijective by assumption and
bounded by the triangle inequality. Hence its inverse is bounded by the
Inverse Operator Theorem This proves Corollary O



Example 2.13. This example shows that the hypothesis that X and Y are
complete cannot be removed in Theorems [2.8 and As in Example [2.6
let X C £ be the subspace of sequences = = (xy)ren Of real numbers that
vanish for sufficiently large k, equipped with the supremum norm. Thus X
is a normed vector space but is not a Banach space. Define the operator
A: X=X b}’ Azi= (k—lzk)kep} forz:= (Ik)keN € X. Then Ais a bijective
bounded linear operator but its inverse is unbounded.

Example 2.14. Here is another example where X is complete and Y is not.
Let X =Y = C([0,1]) be the space of continuous functions f : [0,1] — R
equipped with the norms

1
9l = sup 15O, Sl =y [ 7@ a
0<it<1 J0

Then X is a Banach space, Y is a normed vector space, and the identity map
A =1id : X — Y is a bijective bounded linear operator with an unbounded
inverse.

Example 2.15. Here is an example where Y is complete and X is not.
This example requires the axiom of choice. Let Y be an infinite-dimensional
Banach space and choose an unbounded linear functional ® : Y — R. The
existence of such a linear functional is shown in part (iv) of Example [1.25]
and its kernel is a dense linear subspace of Y by Exercise Define the
normed vector space (X, ||-|| ) by

X={(z,t) €Y xR[®(z) =0},  |[l(= )y = ll=lly + It

for (z,t) € X. Then X is not complete. Choose a vector yg € Y such that
®(yp) = 1 and define the linear map A: X — Y by

A(z,t) ==z +tyo for (z,t) € X.
Then A is a bijective bounded linear operator. Its inverse is given by
A7y = (y — 2(y)yo, 2(y))
for y € H and hence is unbounded.

Example [2.15] relies on a decomposition of a Banach space as a direct
sum of two linear subspaces where one of them is closed and the other is
dense. The next corollary establishes an important estimate for a pair of
closed subspaces of a Banach space X whose direct sum is equal to X.



