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CHAPTER 2. PRINCIPLES OF FUNCTIONAL ANALYSIS

2.1 Uniform Boundedness

Let X be a set. A family { f; };c; of functions f; : X — Y;, indexed by a set
and each taking values in a normed vector space Y;, is called pointwise
bounded, if
su}) | fi(z)lly, < oc for all z € X. (2.1)
i€

Theorem 2.1 (Uniform Boundedness). Let X be a Banach space, let 1
be any set, and, for each i € I, let let Y; be a normed vector space and
let A; : X — Y; be a bounded linear operator. Assume that the operator fam-
ily {A; }ier is pointwise bounded. Then sup;.; || A;:] < oc.

Lemma 2.2. Let (X,d) be a nonempty complete metric space, let I be any
set, and, for each i € I, let f; : X — R be a continuous function. Assume
that the famaly { f; }icr 15 powntunse bounded. Then there exists a pownt xyp € X
and a number £ > 0 such that

sup sup | fi(z)| < oc.
i€l reBe(To)

Proof. For n € N and 2 € I define the set
Foii={z € X|If(@)] <n}.

This set is closed because f; is continuous. Hence the set

F, :—ﬂF.,,,,-—{xeX

icl

sup|fi(x)| < n}
icl

is closed for every n € N. Moreover,
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because the family { f;}.; i3 pointwise bounded. Since (X, d) is a nonempty
complete metric space, it follows from the Baire Category Theorem
that the sets F,, cannot all be nowhere dense. Since these sets are all
closed, there exists an integer n € N such that F,, has nonempty interior.
Hence there exists an integer n € N, a point 25 € X. and a number £ > 0
such that B.(xz¢) ¢ F,.. Hence sup;.; Sup.cp, (x| fi(z)| < n and this proves
Lemma 2.2]

Remark 2.3. The above argument in the proof of Theorem 2.1, which asserts
that (2.2) implies (2.3), can be rewritten as the inequality
sup | Az[ly > < ||A] (2.4)
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for all A € £(X,Y), all zp € X, and all £ > 0. With this understood,
one can prove the Uniform Boundedness Theorem as follows (see Sokal [57]).
Let {A;}ic; be a sequence of bounded linear operators A; : X — Y; such
that sup,; ||A;|]| = oo. Then the axiom of countable choice asserts that there
is a sequence 7,, € I such that ||4; || > 4" for all n € N. Now use the axiom
of dependent choice, and the estimate with A = A; and £ = 1/3", to
find a sequence z, € X such that, for all n € N,
lon—2acilly S 5o MAuzally, > 3 l4all

Then (z,),en is a Cauchy sequence and hence converges to an element z* € X
such that [|z* — z,[|x < "_%‘;Lu Thus ||4;, 2|y, > (% = %)317 | A || = %(%)" for
all n € N and so the operator family {A;};-; is not pointwise bounded. This
argument circumvents the Baire Category Theorem.

The Uniform Boundedness Theorem is also known as the Banach—Stein-
haus Theorem. A useful consequence is that the limit of a pointwise conver-
gent sequence of bounded linear operators is again a bounded linear operator.
This is the content of Theorem [2.5] below.

Definition 2.4. Let X and Y be normed vector spaces. A sequence of
bounded linear operators A; : X — Y, 1 € N, s said to converge strongly
to a bounded linear operator A : X — Y if Ax = lim; ,,, A;x for all z € X.

Theorem 2.5 (Banach-Steinhaus). Let X and Y be Banach spaces and
let A; : X =Y, 1 €N, be a sequence of bounded linear operators. Then the
following are equivalent.

(i) The sequence (Aix)ien converges in'Y for every r € X.

(ii) sup;ep ||Ail| < oo and there is a dense subset D C X such that (Aix)ien
is a Cauchy sequence in'Y for every x € D.

(iii) sup;.y || Aill < oo and there is a bounded linear operator A : X — 'Y
such that A; converges strongly to A and ||A|| < liminf; . || 4;].

The equivalence of (i) and (i) continues to hold when Y s not complete.
The equivalence of (1) and (i1z) continues to hold when X is not complete.

Proof. That (iii) implies both (i) and (ii) is obvious.

We prove that (i) implies (iii). Since convergent sequences are bounded,
the sequence (A;);zx is pointwise bounded. Since X is complete it follows
from Theorem that sup;_y [|Ai|| < oc. Define the map A : X — Y
by Az :=lim; ., A;z for z € X. This map is linear and

| Azlly = lim ||Awzlly = lminf [|Ally < lminf A |lzly  (25)



for all z € X. Hence A is bounded and ||A|| < liminf; , . ||A4;] < oc.

We prove that (ii) implies (iii). Define ¢ := sup;.y || Ai|]| < 0. Let z € X
and € > 0. Choose ¢ € D such that c|jz — £]| < 5. Since (A;{)ien is a Cauchy
sequence, there exists an integer ng € N such that [|A;{ — A;¢|l, < 3 for
all 7,7 € N with 7, 5 > ng. This implies

||A,--1‘ == Ajl'”y ”A,-;l? == Aiﬁ”y + ”A1€ = AJ{”Y = "AJ'€ = AJ"T"y

Al llz — €llx + 1| A:€ — Asélly + A5 11 11€ — =l x
2llz —Ellx + 14 — Aslly < F+5=¢
for all 72,7 € N with 7,7 > ng. Hence (A;z);en is a Cauchy sequence and so

it converges because Y is complete. The limit operator A satisfies (2.5]) and
this proves Theorem
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Example 2.6. This example shows that the hypothesis that X is complete
cannot be removed in Theorems 2.1 and 2.5 Consider the space

X:={z=(@)in €R"|IneNVieN:i>n = z;=0}
with the supremum norm ||z|| := sup,_y|z;|. This is a normed vector space.
It is not complete, but is a linear subspace of £*° whose closure X = ¢y is

the subspace of sequences of real numbers that converge to zero. Define the
linear operators A4, : X — X and A: X — X by

Anl' = (I1*2I21 elana ,nIn,O, O$ s )’ AI = (iI'i)iEN

for n € N and = = (z;)iewy € X. Then Az =lim,, . A,z for every z € X
and ||A,|| = n for every n € N. Thus the sequence { A,z },-x is bounded for
every = € X, the linear operator A is not bounded, and the sequence A,
converges strongly to A.

Corollary 2.7 (Bilinear Map). Let X be a Banach space and let Y and Z
be normed vector spaces (over R or C). Let B : X xY — Z be a bilinear
map. Then the following are equivalent.

(i) B is bounded, i.c. there is a constant ¢ > 0 such that
I1B(z, y)llz < cllzllx lylly

forallz € X and ally €Y.

(ii) B is continuous.

(iii) For every x € X the linear map Y — Z : y — B(xz,y) is continuous
and, for every y € Y, the linear map X — Z : x — B(x,y) is continuous.



Proof. 1f (i) holds then B is locally Lipshitz continuous and hence is con-
tinuous. Thus (i) implies (ii). That (ii) implies (iii) is obvious. We prove
that (iii) implies (i). Thus assume (iii), define

S={yeY|lylly =1},

and, for y € S, define the linear operator A, : X — Z by Ay(z) := B(z,y).
This operator is continuous by (iii) and hence is bounded by Theorem [1.17]
Now fix an element z € X. Then the linear map ¥ — Z : y — A,z =
B(z,y) is continuous by (iii) and hence sup,, . [|4,z[|, < oo by Theorem|[L.17}
Hence ¢ := pup,.s || 4,/| < oo by Theorem Thus

|B(z,y)|l, < cllzlly forall z € X and all y € S.
This implies (i) and completes the proof of Corollary



