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1.4 Banach Algebras|

We begin the discussion with a result about convergent series in a Banach
space. It extends the basic assertion in first year analysis that every abso-
lutely convergent series of real numbers converges. We will use Lemma [1.45]
to study power series in a Banach algebra.

Lemma 1.45 (Convergent Series). Let (X, ||||) be a Banach space and
let (z;)ien be a sequence in X such that

3l < oo
i=1
Then the sequence &, :== Y x; in X converges. Its limit is denoted by
in = '}E&Z ;. (1.41)

Proof. Define s, :== "7 | ||lz;|| for n € N. This sequence is nondecreasing and
converges by assumption. Moreover, for every pair of integers n > m > 1,

we have ||{n — &m|| = ”Z?:mﬂ zi|| < Z?:m+1 |lzi]| = sn — 5m. Hence (§n)nen
is a Cauchy sequence in X. Since X is complete, this sequence converges,
and this proves Lemma [1.45] O

Definition 1.46 (Banach Algebra). A real (respectively complex) Banach
algebra s a pair consisting of a real (respectively complex) Banach space
(A, ||I|l) and a bilinear map A x A — A : (a,b) — ab (called the product)

that is associative, 1.e.

(ab)e = a(bc) for all a,b,c € A, (1.42)
and satisfies the inequality
lad]| < |lal| ||®]| for all a,b € A. (1.43)

A Banach algebra A s called commutative if ab = ba for all a,b € A. It
is called unital if there exists an element 1 € A\ {0} such that

la=al=a  forallac A (1.44)

The unit 1, of it emists, is uniquely determined by the product. An ele-
ment a € A of a unital Banach algebra A is called invertible if there ez-
wsts an element b € A such that ab=ba = 1. The element b, if it exists,
1s uniquely determined by a, is called the inverse of a, and is denoted
by a' :=b. The invertible elements form a group G C A.



Example 1.47. (i) The archetypal example of a Banach algebra is the
space L(X) = L(X, X) of bounded linear operators from a Banach space X
to itself with the operator norm (Definition [I.16] and Theorem [1.31)). This
Banach algebra is unital whenever X # {0} and the unit is the identity.
It turns out that the invertible elements of £(X) are the bijective bounded
linear operators from X to itself. That the inverse of a bijective bounded
linear operator is again a bounded linear operator is a nontrivial result. It
follows from the Open Mapping Theorem proved in Section [2.2] below.

(ii) An example of a commutative unital Banach algebra is the space of
real valued bounded continuous functions on a nonempty topological space
equipped with the supremum norm and pointwise multiplication.

(iii) A third example of a unital Banach algebra is the space ¢'(Z) of bi-
infinite summable sequences (z;);cz of real numbers with the convolution
product defined by (z * y)i == Y .z x5 for =,y € ('(Z).

(iv) A fourth example of a Banach algebra is the space L'(R") of Lebesgue
integrable functions on R" (modulo equality almost everywhere), where mul-
tiplication is given by convolution (see [50, Section 7.5]). This Banach alge-
bra does not admit a unit. A candidate for a unit would be the Dirac delta
function at the origin which is not actually a function but a measure. The
convolution product extends to the space of signed Borel measures on R"
and they form a commutative unital Banach algebra.

Let A be a complex Banach algebra and let

oo
f@)=) cud" (1.45)
n=>0
be a power series with complex coefficients ¢, € C and convergence radius
1

= > 0. 1.46
7"~ Tim 310 O A L7 (146)
Choose an element a € A with ||a|| < p. Then the sequence (c,a")uen
satisfies the inequality 3> | |lcpa™|| < |eol || + 3227, len| [la]|™ < oo and so
the sequence &, := Y"1, ¢;a’ converges by Lemma Denote the limit by
fla) = cha" (1.47)
n=>0
for a € A with ||a|| < p. When the power series f has real coefficients, this
definition extends to real Banach algebras.



Exercise 1.48. The map f : {a € A| ||a|| < p} — A defined by (1.47) is
continuous. Hint: For n € N define f, : X — X by fa(a) == X ,cia’.
Prove that f,, is continuous. Prove that the sequence f, converges uniformly
to f on the set {a € A| ||a|| < r} for every r < p.

Theorem 1.49 (Inverse). Let A be a real unital Banach algebra.

(i) For every a € A the limit

. nnl/n . nyl/n
= — < :
ra = lim [la"[|"" = inf [|a"]"" < [l (1.48)

exists. It is called the spectral radius of a.
(ii) If a € A satisfies ra < 1 then the element 1 — a s invertible and

oo

1-a)'=) a" (1.49)

n=0

(iii) The group G C A of invertible elements is an open subset of A and the
map G — G : a — a ! is continuous. More precisely, ifa € G and b € A
satisfy |la — bl|[la?|| < 1, thenbe G and b= =3 (1 —a'b)"a~! and

”a e b” "a_l ”2 1” < ”a_l “
1~ [la—=dlfla=t|’ = 1—la—2b|lla7!

Proof. We prove part (i). Let a € A, define r := inf,.n||a”||'/" > 0, and fix
a real number £ > 0. Choose m € N such that [|a™||'/™ < r + £ and define

¢
M = max ( lall ) .
i=01..m-1\r+¢

Fix two integers k > 0and 0 < £ <m — 1 and let n := km + €. Then

B~ —a”| < 16

(1.50)

la"|7" = [la™a]|""
< fla™ fla™ /"
< lafl" (r + )*™"

3 £/n
- (%) (r+¢)

< MY ).

Since lim,,_,o M1/™ = 1, there is an integer ng € N such that ||a||'/" < r+2¢
for every integer n > ng. Hence the limit r, in (1.48)) exists and is equal to r.
This proves part (i).



We prove part (ii). Let a € A and assume r, < 1. Choose a real number

a such that 7, < a < 1. Then there exists an np € N such that ||a”]|'" < «
for every integer n > ng. Hence

[la™]] < " for every integer n > nyg.

This implies Y">°  [|a”|| < oo, so the sequence

n

bn = Z a'

i=0
converges by Lemma[l.45] Denote the limit by b. Since
bo(1—a) = (1—a)b, =1 —a™"!
for all n € N and lim,,_, ||a™| < lim,,_,» o™ = 0, it follows that
b(l—a)=(1—a)b=1.
Hence 1 — a is invertible and (1 — a)~! = b. This proves part (ii).
We prove part (iii). Fix an element a € G and let b € A such that
lla =Bl fla™ || < 1.

Then |1 — a'b|| < 1 and hence
a'b=1-(I-a'b)eG, (a'B)'=) (1-a'p)"

n=>0
by part (ii). Hence b = a(a™'b) € G and

oo

b= (I—a'b)a"

n=>0

and so

o0
B =o' < ) lla— bt fla ™
n=1

lla — lffla”"|?
1—[la—bl|lla="

Thus By,-1-1(a) C G and the map By, y-1(a) = G:b— b~! is continuous.
This proves part (iii) and Theorem O



Definition 1.50 (Invertible Operator). Let X and Y be Banach spaces.
A bounded linear operator A : X — Y s called invertible, if there exmsts a
bounded linear operator B : Y — X such that

BA = 1y, AB = 1y.
The operator B is uniquely determined by A and is denoted by
B=A"
It s called the inverse of A. When X =Y, the space of invertible bounded
linear operators in L(X) is denoted by
Aut(X) := {A € L(X) | there is a B € L(X) such that AB= BA=1}.

The spectral radius of a bounded linear operator A € L(X) is the real
number ry > 0 defined by

ra = lim ||A*|"" = inf || A" < ||A]|. (1.51)
n—oo nelM

Corollary 1.51 (Spectral Radius). Let X and Y be Banach spaces. Then
the following holds.

(i) If A € L(X) has spectral radius r4 < 1 then

Iy — A € Aut(X), (1x — A)™ ZA"

(ii) Aut(X) is an open subset of L(X) with respect to the norm topology and
the map Aut(X) — Aut(X) : A A1 is continuous.
(iii) Let A, P € L(X,Y) be bounded linear operators. Assume A is invertible
and ||P||||A7|| < 1. Then A— P is invertible,
(A—P) =Y (ATPA, (1.52)
n=>0

and

< IPIA™E
— 1-[IP|Il A=l
Proof. Assertions (i) and (ii) follow from Theorem with A = £(X).
To prove part (iii), observe that ||[A~!P|| < ||[A7!||||P]| < 1. Hence it follows
from part (i) that the operator 1y — A~! P is invertible and that its inverse is
given by (I1x — A~'P)~! =377 (A~1P)*. Multiply this identity by A~! on
the right to obtain (1.52). The inequality follows directly from
and the limit formula for a geometric series. This proves Corollary

l(A-P) ! - (1.53)




