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2- Complex Plane

Definition: The complex plane C is the set of all ordered pairs (a, b) of real
numbers, with addition and multiplication defined by:

(a,b)+(c,d)y=(a+c,b+d)
and (a, b) (c, d) = (ac — bd, bc + ad)

Remark: A complex number z = x + iy is uniquely determined by an ordered
pair of real numbers (x, y).

For example,z = 3 — 9i = (3,-9),
8 = (8,0),

z=1=(01),

z = =7i = (0,=7).

Z

Remark: The coordinate plane is called the complex plane or simply the z-
plane.

The horizontal or x — axis is called the real axis because each point on that
axis represents a real number. The vertical or y — axis is called the imaginary
axis because a point on that axis represents a pure imaginary number.

imaginary

axis (a.b) = a + bi
-

b

(0,0i) a real
axis

Definition: The modulus of a complex number z = a + ib, is the real number

|z| = Va? + b? The modulus |z| of a complex number z is also called the
absolute value of z

Im

a+bi

» Re
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v Y-axis (Imaginary axis)
b~~~ —A z=a+ib.
— -a X-axis (Real Axis)
z=a-jib.
-z=-a—ib.
!

Properties:

. |z1 + 25| < |z1| + |z,| triangle inequality

|1+ 2o+ -+ 2z S |z1] +H|Zo| + -+ |Zp] =l 180 G s
e, [Xk=12k] < Xk=1lzkl

9. 121 = Z2| 2 |z1] — |22]

10.]z1| — |22]] < |21 + 23]

1. z-Z=|z|?
2. |z] = |z|
3. |z|* = [Re (2)]° + [Im (2)]?
4. |z| = |Re (z2)| = Re (2) and |z|] = |Im (2)| = Im (2)
5. |z1 - Za| = |z1] - 122
6. |Al =1l 2, 0
z 1z21
7
8.

Proof (7):

|2y + 2,12 = (21 +21) (21 +2,) = (21 + 2,) - (71 + 22)

= 2121 + 212y + 2,7, + 2,7,

= |z1|? + 2123 + 7371 + |23]% = |21|* + |22]? + 2Re (2,7;)
< |Z1|2 + |22|2 + 2|Z1Z_2| = |Z1|2 + |Zz|2 + 2|Z1| ] |Z_2|

= |Z1|2 + |22|2 + 2|Z1| : |Zzl = (|Z1| + |Zz|)2

Therefore |z, + z,| < |z,| + |2z, ]

Remark: |z; — z,] is the distance in the plane on the complex number z; from
the complex number z;.
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If Z1 = X1 + iyliZZ = Xy + lyz

|zy — 2| = [(x1 —x2) + iy —y2)| = \/(x1 —x3)% + (y1 — ¥2)?

—
Proof (9):
|| = |21 — 2, + 23| < |2y — Z3] + |2,
= |zq] = |z3]| £ |z, — z,]

Proof (10):
|z1| =121 + 2, — 23| < |z + 25| + | =2, = |z, + 2, + |2,]
|le —_ |Z2| S |Z1 + Zzl 1
|Zz| = |Zz + 2 _Z1| < |Z1 +Zz| + |_Z1| = |Z1 +Zz| + |Z1|
|23 — |z1] £ |21 + 2]
|le —_ |Z2| 2 —|21 +Zz| 2

From (1) and (2) we get —|z; + z3| < |z1| — |22] < |21 + 23]
Therefore ||z;| — |2z2]|| < |21 + Z5|

Remark: z; < z, in general has no meaning but |z;| < |z,| means the point
corresponding to z; is closer to the origin than the point corresponding to z,.

Notation: Let z; € C,r > 0
S, (zy) ={z€C:|z—2zy| =7} isthe circle 5.7 with center z, and radius 7.
B, (zy) = {z € C: |z — zy| < r}is the ball 5 S with center zy and radius 7.

D, (z,) = {z € C:|z; — zy| < r}is the disk u=_8 with center z, and radius 7.

Example: The equation |z — 1 + 3i| = 2 represents the circle whose center
1s zo = (1,—3) and whose radius is r = 2.

Exercises:
1. Find the modulus (absolute value) and conjugate of each of the following:
o (1-10)°
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o i2-0)-4(1+31)

21
3—4i
1-2i 2—i
T T 1o

(4+3)(1+0)
7—i

2. Show that:

+31t=z—-3i

—iZ

QR+D2=3—-4i

1(2Z + 5)(V2 — )| = V3|22 + 5|
3. Show that

a) L1223 = 212,23
b) z* = z*

N

N
Il

4. Find the complex number E which is satisfies the following:
|E| = 1 and Re (E?) = 0.

5. Show that equation |z — zy| = R of circle, centered at z, with radius R, can
be written as: |z|? — 2Re (zZy) + |z]|? = R?.
6. z 1s real number if and only if z = Z.

7. z is either real or pure imaginary if and only if (2)? = z2.
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