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Power Series

The series Y. ,—oa,(x — b)™ is called a power series in (x — b), where a,, is a
sequence in R. When b = 0, we say that }',_,a,x™ is a power series.

Example: For what values of x does the series Y.;—, (x;?) converge? Apply

the ratio test

1i Un+1 <1= (x — 3)n+1n!
oo | U M+ D! (x—3)"
—3)*(x - 3)n!
= lim (r=3)7Cc = 3)n
n-oo |(n+ D)n! (x —3)"
. |(x=3)
— Tlll—>r£10 |(n +1)

=Gl

= [(x—=3)|x0=0<1,forall x

Thus, the series converge for all x € R.

Example: Find the series' interval of convergence for Yo, (In x)™ ? Apply
Un+1

T 1 <1

n

the ratio test lim,,_,

: D o (DM(x+2)"
Example: Find the series' interval of convergence for ), —————?

n22
Apply the ratio test lim,,_,, gl
(x + 2)**t1in2n i
(n+ 1)2"*1(x + 2)n
|(x + 2)| n
= lim ——=.
2 nl—r>{>lo n+1
X+ 2
SR/
= —2<x+2<2
= —4<x<0
Now, when x = —4 we have Y, _71 divergent series; when x = 0 we have

_a\n+1
Yoq %, the alternating series which converges conditionally. Thus, the

interval of convergence is —4 < x < 0.
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3.1 Taylor series and Maclaurin series

Suppose f is a given function which is k times differentiable at a given point
x = a. Then, Taylor series is

" _ 2 K _ %
f(x)=f(a)+f’(a)(x—a)+f (a )(; a) _ f (a)(kx! a) N

_ i fr(@)(x = a)"
n!

When a = 0, in this case, the Taylor series is called Maclaurin series, and is
given by

O SO [
FG) = F(0) + f/(O)x + —5— = SO

n:

Example: Find the Taylor series expansion of f(x) = sin (x) about the point

a=27

We hzave
Fe) =sin() = f (5) = sin (5
f'(x) =cos (x) = f' (g) 0S (E) =
f"(x) = —sin (x) = f" (g) = —sin (g) =—1
1 1
F1) = —cos () = £ (3) = ~cos (3) = 0

Fr@) =sin (@) = f*(3) =i

:l\l/
[l

and so on. Thus, the Taylor series is

o (1 IMy? Il 3|
f(x) =f<g>+f’<g)(x—g)+f (7)(?C_7) fk(f)(x_f
(x—H/2)2+(x—l'[/2)4+

2! 41

=1-
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Example: Find the Maclaurin series expansion of f(x) = sin (x) ?
We have

f(x)=sin(x) = f(0)=sin(0)=0
f'(x)=cos(x) = f'(0)=cos(0)=1
f'"(x)=-sin(x) = f"(0)=-sin(0) =0
f'""(x) =—cos(x) = f""(0) =—cos(0)=-1
f*(x) =sin(x) = f*0)=sin(0)=0

and so on. Thus, the Maclaurin series is

7 2 k k
OO

f&)  =f0)+f(0)x+

2! k!
x3  x°> X7
T T
o 2n+1
— _1\n
Z( Y Zn T !

Example: Find the Maclaurin series expansion of f(x) = cos (x) ?

We have

f(x) =cos(x) = f(0) =cos (0) =1
f'(x) = —sin (x) = f'(0) = —sin (0) = 0
f"(x) = —cos (x) = f"(0) = —cos (0) = —1
f""(x) =sin (x) = f"'(0) =sin (0) =0
f4(x) = cos (x) = f*(0) =cos (0) =1

and so on. Thus, the Maclaurin series is

12 2 k k

x2 x4- x6

d X2
= —1)n
Z -1 (2n)!
n=0
2n+1
Note that if f(x) = sin (x) = %2, (—=1)" (;‘nﬂ)!, then
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, B = . (2n + 1)x?nt1i-1
) = ZO e t]

B I (2n + 1)x2"
B Z =1 (2n + 1)(2n)!

n=0
ot x2n
nz:;)(—l) 2] = cos(x)

Example: show that e'® = cos () + isin (), where i = V=1 is complex
number by using power series?

|
Also, we have i? = —1,i3 = —i,i* = 1,i®> = i,i® = —1, and so on.
9

(i6)  (i6)*  (i6)°  (i6)*  (i6)°  (i6)°
Tt Tt e e T
0 6% i6® 6* 6> 6°
=1+_____+E+___+“.

el =1

= cos (6) + isin (0).
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