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Vector-Valued Functions and Motion in Space

6.1. Curvature and Normal Vectors of a Curve
In this section we study how a curve turns or bends. We look first at curves in the

coordinate plane, and then at curves in space.

6.1.1. Curvature of a Plane Curve y

>
>

As a particle moves along a smooth curve in
the plane, T = % turns as the curve
bends. Since T is a unit vector, its length

remains constant and only its direction

changes as the particle moves along the

curve. The rate at which T turns per unit of

length along the curve is called the

Curvature.

DEFINITION If T is the unit vector of a smooth curve, the curvature function
of the curve is

dT
ds

-

If a smooth curve r(f) is already given in terms of some parameter ¢ other than the arc
length parameter s, we can calculate the curvature as

dT di
dt ds

dT
dt

dT
ds

1
|ds/dt|

dT

dt

K = Chain Rule

1
v

ds

2 = IVl
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Formula for Calculating Curvature
If r(f) is a smooth curve, then the curvature is

oo L
[v]

where T = v/|v|is the unit tangent vector.

dT
dt

; (1)

Ex. A straight line is parametrized by r(z) = C + ¢v for constant vectors C
and v. Thus, r’(f) = v, and the unit tangent vector T = v/|v|is a constant vector that

always points in the same direction and has derivative 0 (Figure 13.18). It follows that, for
any value of the parameter ¢, the curvature of the straight line is

_ 1
vl

dT
dt

1
=m|0|=0.

K

Ay
|

Along a straight line, T always points in the same direction. The curvature |§| IS zero.

Ex. Here we find the curvature of a circle. We begin with the parametrization

r(t) = (acost)i + (asinp)j

of a circle of radius a. Then,

v = % = —(asin?i + (acost)j

Sinc 0,
Iv|= V(=asin?)? + (acost)? = Va? = |a| = a. I.::TL:: ”
From this we find

T = ﬁ — —(sin )i + (cos 1)j

dT _
7 (cos t)i — (sint)j

dr
dt

= Vecos?t + sin?t = 1.

Hence, for any value of the parameter ¢, the curvature of the circle is

_1l._1 1
=z =3 = radius’ -
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DEFINITION At a point where k # 0, the principal unit normal vector for
a smooth curve in the plane is

_ 14T
N—de.

dT/ds

N Jar/as]
(d'T/drt)(dt/ds)
~ \dT/dt||dt/ds|
dT/d Py

dt 1
= ——— = () cancels.

T |dT/adt| ds  dsfdt

=8
-

Al
.
-y

This formula enables us to find N without Pu—t N =

having to find k and s first.

Formula for Calculating N
If r(7) is a smooth curve, then the principal unit normal is
N — dT/dt
= [dT/dr|’ (2)

where T = v/|v|is the unit tangent vector.

Ex. Find T and N for the circular motion
r(z) = (cos 2¢)i + (sin 2¢)j.

Sol. We first find T:
v = —(2sin2#)i + (2 cos 2¢)j

|v| = \V4sin22¢f + 4cos?2¢t = 2
— I:_I = —(sin 20)i + (cos 21)j.

From this we find

% = —(2 cos2p)i — (2 sin 2¢)j
—‘i; = V4cos?2t + 4sin22f = 2
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and

_ dT/ar
~ |dT/dr|

= —(cos 28)i — (sin 2¢)j. Eq. (2)
Notice that T - N = 0, verifying that N is orthogonal to T. Notice too, that for the circular
motion here, N points from r(#) towards the circle’s center at the origin. [

6.1.2. Curvature and Normal Vectors for Space Curves

If a smooth curve in space is specified by the position vector r(¢¥) as a function of some
parameter ¢, and if s is the arc length parameter of the curve, then the unit tangent vector
T is dr/ds = v/|v|. The curvature in space is then defined to be

dT
ds

dT
dt

_ 1
[v]

(3)

just as for plane curves. The vector dT/ds is orthogonal to T, and we define the principal
unit normal to be

_1dT _ dT/dt
N=%ds = [ar/a| )
EX. Find the curvature for the helix (Figure )]

r(t) = (acos )i + (asint)j + brk, a, b =0, 2+ b2E0.

Z

Sol. We calculate T from the velocity vector v:
v = —(asin?)i + (acost)j + bk
L ]
|v| = Valsin?t + a’costt + b2 = Va? + b2 !
_ ¥ 1 I PR . :
T= v = ——-m[ (asint)i + (acost)j + bk]. i
|
Then using Equation (3), %
o1 |ar
|v|| dt
1 1 . s
= Voiplvoiy [—(acos )i — (asint)j]
a a
= ﬁ | —(cos 1)i — (sin #)j|
17 .\v.( 3 . 3 o
=——7 cost)y + (smnt) = ————.
a’ + b? ( ) ( ) a’ + b?
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Ex. Find N for the helix in prev. Ex. and describe how the vector is pointing.
Sol. We have
dT _ 1 . e
7 Y [(acost)i + (asini)j] Prev. Ex.
dT 1 Va2 7 -2 a
= a t+ta“smt = —/——
al e+ Va® + b?
_ dT/dt
= [dT/di| Fa )
/2 2
a-+ b 1 :
= — . [(acost)i + (asint)j]
a Va? + b?
= —(cos #)i — (sin?)j.
Thus, N is parallel to the xy-plane and always points toward the z-axis. |

Note: Exercises 13.4. in Thomas Calculus 12" edition have the similar problems

above.

6.2. Tangential and Normal Components of Acceleration

When an object is accelerated by gravity,
brakes, or a combination of rocket motors,
we usually want to know how much of the

acceleration acts in the direction of

motion, in the tangential direction T. We
can calculate this using the Chain Rule to

rewrite v as

dr _drds _ . ds

V= T dsa Var

Then we differentiate both ends of this string of equalities to get
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2
_dv_g(T@)zﬂﬁm_T

AT T a\#) T g Tddt
d%.. . ds (dTds\ _ d* ..., ds{ \ds dT
=— =|l==|== = = — =N
a2t (ds dr) 2t ("N dt) &
_d’s ds
= d;2T+K(dr)N

The tangential and normal components of the acceleration of an object that is speeding up

as it moves counterclockwise around a circle of radius p.

DEFINITION  If the acceleration vector is written as
a= CITT + CINN, (1)

then

_dxks _d _ [ds ? _ 2
aT—?—EIV] and GN—K(E) = K| v| (2)

are the tangential and normal scalar components of acceleration.

To calculate ay, we usually use the formula ay = V| 3]2 — a7?, which comes from
solving the equation |a |2 =a-a~= aT2 + aN2 for ayn. With this formula, we can find ay

without having to calculate k first.

Formula for Calculating the Normal Component of Acceleration

an = Vl]a* — at? (3)

EX. Without finding T and N, write the acceleration of the motion
r(z) = (cost + tsint)i + (sintz — fcos?)j, t =0

in the forma = a7T + axN.
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Sol. We use the first of Equations (2) to find at:

% = (—sin¢ + sint + tcost)i + (cost — cost + tsint)j

= (terne #h L+ frsin f)j

|v|=\/rzcoszr+rzsinzr=\/r_2=|r|=r £=0
=4 in - :
ar drlvl d:{r} 1. Eq. (2)

Knowing a1, we use Equation (3) to find ay:

a = (cost — fsint)i + (sint + fcosi)j
jaP =2 +1
an = Vm
=V@E+n-=Vi=1

We then use Equation (1) to find a:

After some algebra

a=aT+asN=(1)T + (1) N=T + (N. |
—
T
¥ t™N P(x, y)
5&1\“%
Q r
o ao
x2+y2=1

Note: Exercises 13.5. in Thomas Calculus 12" edition have the similar problems
above.
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Computation Formulas for Curves in Space

Unit tangent vector:

Principal unit normal vector:

Curvature:

Tangential and normal scalar
components of acceleration:
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an = k|v[} = \/|a|2 — ar?

T ="
|v|
dT/dt
N=——"—
|dT/dt|
_ |ar| _ Ivxal _ 1 |dT
© 7 Jds vP o Ivlld
a=aTT+aNN
ar = ||
= at




