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Lecture Five

Vector-Valued Functions and Motion in Space

5.1. Curves in Space and Their Tangents

When a particle moves through space during a time interval /, we think of the particle’s co-
ordinates as functions defined on I

x=f(t), y=glt), z=ht), tel (1)

The points (x, y, z) = (f(¢), g(£), k(t)), t e I, make up the curve in space that we call the
particle’s path. The equations and interval in Equation (1) parametrize the curve.
A curve 1n space can also be represented in vector form. The vector

((t) = OP = f(1i + g(1)j + h(Hk 2

-

P(f(D), g(0), h(1))
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_éi?

r(t) = (sin3f)(cosNi +
(sin3r)(sin?)j + tk

r(t) = (cost)i + (sin#)j + (sin2nk r(f) = (4 + sin20n)(cosNi +
(4 + sin200)(sinf)j +
(cos20nk

(a) (b) (c)
5.2. Limits and Continuity

The way we define limits of vector-valued functions is similar to the way we define limits

of real-valued functions.

DEFINITION  Let r(f) = f(#)i + g(#)j + A(¢t)k be a vector function with
domain D, and L a vector. We say that r has limit L as ¢ approaches #, and write

limr(¢) = L

—fy

IfL = Lji + Lyj + L3k, then it can be shown that lim,—,, r(¢) = L precisely when
lim f(¢) = L, lim g(¢) = Ly, and lim A(¢) = Ls.
I—iy

I— I—>y

We omit the proof. The equation

zl-ii% r(s) = (}Ln;; f(r))i + (}Lﬂ;ﬂ g(t))i + (}Ln;t h(t))k 3)

provides a practical way to calculate limits of vector functions.

DEFINITION A vector function r(f) is continuous at a point 1 = f; in its
domain if lim,—, r(¢#) = r(#y). The function is continuous if it is continuous at
every point in its domain.
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Ex. Ifr(f) = (cost)i + (sin¢)j + tk, then
lim r(s) = ( lim cos r)i + ( lim sin t)j + (Iim I)k
t—ar/4 t—>arfd t—>7f4 t—f4
V2, V2. . @
= 1+ 5 ]+ Ik [ |

We define continuity for vector functions the same way we define continuity for scalar
functions.

5.3. Derivatives and Motion

Suppose that r(¢) = f(#)i + g(t)j + h(2)k is the position vector of a particle moving
along a curve in space and that f, g, and 4 are differentiable functions of ¢. Then the differ-
ence between the particle’s positions at time ¢ and time ¢ + At is

Ar =r(t + At) — r(¥)

Z Z
1 r(t + Af) — r(f)
r(t + Af) — r(f) ) At
0 o/ _
r(f) r(f)
r(t + Af) r(t + Ar)
e |74
0 >y ) >y
(a) (b)
X X

Ar = r(t + Ar) — r(¥)
= [f(t + ADi + g(t + A9)j + h(t + ADK]
— [f(0)i + g(n)j + A(1K]
= [f(t + Ar) — f()]i + [g(t + At) — g(0)]j + [A(r + Az) — A(D]k.

As At approaches zero.
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i Ar [ fEEAD = @] gled A = gn) |
A0 At At—0 At At—0 At J
h(t+ Ar) — h
P ARVE
At—0 At

- [4)- 12} [

DEFINITION The wvector function r(f) = f(¢)i + g(t)j + h(r)k has a
derivative (is differentiable) at ¢ if f, g, and / have derivatives at ¢. The derivative
is the vector function

dr .. r+ Ay —rx(®) df,  dg. an
=g = Am At =t ok

dard " dr

DEFINITIONS  If r is the position vector of a particle moving along a smooth
curve in space, then

d
v(t) = ?:

is the particle’s velocity vector, tangent to the curve. At any time ¢, the direction of
v 1s the direction of motion, the magnitude of v is the particle’s speed, and the
derivative a = dv/dt, when it exists, is the particle’s acceleration vector. In

summary,
1. Velocity is the derivative of position: vV = %

2. Speed is the magnitude of velocity: Speed = |v|.

3. Acceleration is the derivative of velocity: a= dv _ d’r

Codr g

4. The unit vector v/|v|is the direction of motion at time £
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Ex. Find the velocity, speed, and acceleration of a particle whose motion in
space 1s given by the position vector r(f) = 2 costi + 2sintj + 5cos’tk.
velocity vector v(7/4).

Sol. The velocity and acceleration vectors at time ¢ are

v(t) = r’(t) = —2sinti + 2costj — 10costsintk

= —2sinti+ 2costj — 5sin2tk,
a(t) =r"(t) = —2costi — 2sintj — 10 cos 2t Kk,

and the speed is

[v(£)]| = V(=2 sint)> + (2 cos1)? + (=5sin 24> = V4 + 25 sin® 2¢.

When ¢t = 77/4, we have

(Lﬂ) —V3i+ Vij+ 5k (7—'”) _ _\3i+ V3|

4 4

Differentiation Rules for Vector Functions
Let u and v be differentiable vector functions of ¢, C a constant vector, ¢ any
scalar, and f any differentiable scalar function.

1. Constant Funetion Rule: %C =0

2. Scalar Multiple Rules: % [cu(z)] = cu'(1)

imﬂufrn = f(Ou(@) + f(Ou' ()

3. Sum Rule: 2 1u()) + v()] = w'(1) + V()

4. Difference Rule: 4 1u(e) — v()] = w'(1) = V(1)

5. Dot Product Rule: %[u{r)-v{:]] = u'(t)-v(t) + u()-v'(1)

6. Cross Product Rule: é[um X v()] = w'() X v(£) + u(t) X v'(¢)
7. Chain Rule: 4 (7)1 = £/’ (1)
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sl

If r is a differentiable vector function of ¢ of constant length, then

_a’rz
et

r 0.

Note: Exercises 13.1. in Thomas Calculus 12™" edition have

the similar problems above.

5.4. Integrals of Vector Functions

DEFINITION  The indefinite integral of r with respect to ¢ is the set of all
antiderivatives of r, denoted by f r(z) dt. If R is any antiderivative of r, then

fr(r) dt = R(t) + C.

EX. To integrate a vector function, we integrate each of its components.

(Juwta (f = (e

= (sint + Cpi + (t + O)j — (£* + G3)k
=(sint)i+¢j—t’k + C C=Ci+Gj—Ck

/ ((cos )i + j — 2tK) dt

DEFINITION  Ifthe components of r(¢) = f(¢#)i + g(#)j + h(¢)k are integrable
over [a, b], then so is r, and the definite integral of r from a to b is

b b b b
f r(t) dt = (f f(2) dt)i + (/ g(t) dr)j + (f h(t) a’r)k.

Ex fﬂ((cos i+ j — 2tk) dt = (fﬂ cosrdt)i + (/w dr)j - (/WZt dt)k
0 0 0 0

ki3

= [sin t]:i + [t]:j — [tz}o k
=[0—0]i + [7 — 0]j — [#2 — 0%]k

= — 7%k
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Ex. Suppose we do not know the path of a hang glider, but only its acceleration
vector a(¢f) = —(3 cos )i — (3 sin¢)j + 2k. We also know that initially (at time ¢ = 0) the
glider departed from the point (3, 0, 0) with velocity v(0) = 3j. Find the glider’s position as
a function of «.

Sol. Our goal is to find r(7) knowing
. . . _d*r _ . - ne
The differential equation: a= e —(3cost)i — (3sing)j + 2k
The initial conditions: v(0) =3j and r(0) = 3i + 0j + Ok

Integrating both sides of the differential equation with respect to ¢ gives
v(t) = —(3sin¢)i + (3cost)j + 2tk + C,.
We use v(0) = 3j to find C;:

3j = —(3sin0)i + (3cos0)j + (0)k + C;
3j = 3j + C
C] =0. 4

The glider’s velocity as a function of time is

dr

rri v(f) = —(3sing)i + (3cost)j + 2k

Integrating both sides of this last differential equation gives

r(1) = (3cost)i + (3sint)j + ’k + Ca.

We then use the initial condition r(0) = 3i to find C;:

3i = (3cos0)i + (3sin0)j + (0)k + C,
3i=3i+ (0)j + (0k + C,
C,=0.

The glider’s position as a function of ¢ is

r(f) = 3cost)i + (3sind)j + £2k.

Note: Exercises 13.2. in Thomas Calculus 12" edition have the similar problems

above.
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5.5. Arc Length in Space

DEFINITION  The length of a smooth curve r(z) = x(¢)i + y(¢)j + z(2)k,
a = t = b, that is traced exactly once as ¢ increases from# = ato¢ = b, is

/ \/ dr dt) " (ié) dt —medt

Where v is the velocity vector %

EX. A glider is soaring upward along the helix r(z) = (cos¢#)i + (sin#)j + tk.
How long is the glider’s path from ¢ = 0 to ¢ = 27?

Sol. The path segment during this time corresponds to one full turn of the helix
(Figure ). The length of this portion of the curve is :

b 2w
L= f |v|dt = V(=sint)? + (cos ) + (1) dt| =227
a 0 Y

V2 dt = 20'\/2 units of length.
0

This is V/2 times the circumference of the circle in the xy-plane over which the helix
stands. m

Arc Length Parameter with Base Point P(¢)

s(t) = ‘/r\/[x’(’r)]2 + [y (D)) + [Z(7))Pdr = /tl\’(ﬁ')[d'l' C\/

If a curve r(t) is already given in terms of some

parameter t and s(t) is the arc length function is

Bas
determined by above equation. Then we may be able poa;; \4 e
to solve for t as a function of s:t = t(s).Then the ru}

X

curve can be reparametrized in terms of s by

substituting for t:r = F(t(s)) .The new parametrization identifies a point on the curve

with its directed distance along the curve from the base point.
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EX. This is an example for which we can actually find the arc length parame-
trization of a curve. If f, = 0, the arc length parameter along the helix

r(¢t) = (cos )i + (sint)j + rk

from tyto 7 1s

S([):[[V(T)ldT

t
- ﬁ; V2dr From previous EX.
= V2r

Solving this equation for ¢ gives t = s/ V2. Substituting into the position vector r gives
the following arc length parametrization for the helix:

r(t(s)) = (cos%)i + (sin \;5), + \;Ek. m

5.6. Speed on a Smooth Curve

ds—lAtl
dt_ v()

This equation says that the speed with which a particle moves along its path is the

magnitude of v.

Unit Tangent Vector

We already know the velocity vector v = dr/dt is tangent to the curve r(¢) and that the
vector

y

T =
M
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EX. Find the unit tangent vector of the curve
r(f) = (3cos?)i + (3sins)j + tk

representing the path of the glider in Example 3, Section 13.2.

Sol. In that example, we found
V= % = —(3sint)i + (3cost)j + 2tk
and
Iv|= V9 + 42,
Thus,

v 3sint . 3cost

. 2t
T=1-=——2mt_j+ jt+——k
V] V9 + 442 V9 + 442 V9 + 442

For the counterclockwise motion y
. a T =
r(f) = (cost)i + (sin#)j ||x2+y2=1 Y
around the unit circle, we see that i P(x, y)

[,
—

v = (—sint)i + (cost)j 0 Lo "

is already a unit vector, so T = v (Figure ).

Note: Exercises 13.3. in Thomas Calculus 12" edition have the similar problems

above.
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