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Lecture Three 

Product of Vectors 

We have two kinds of vector multiplication, they are: 

3.1. Dot Product (Scalar Product) 

  

Ex. 

 

The Dot product is defined by this formula 

 

 

Let 𝒖 = 𝒙𝟏𝒊 + 𝒚𝟏𝒋 + 𝒛𝟏𝒌 

𝒗 = 𝒙𝟐𝒊 + 𝒚𝟐𝒋 + 𝒛𝟐𝒌  

We known the angle 𝜃 between 𝑖, 𝑗, 𝑎𝑛𝑑 𝑘 is 90°  

the angle 𝜃 between (𝑖, 𝑖) , (𝑗, 𝑗)  𝑎𝑛𝑑 (𝑘, 𝑘) is 0° so  

𝒖. 𝒗 = (𝑥1𝑖 + 𝑦1𝑗 + 𝑧1𝑘). (𝑥2𝑖 + 𝑦2𝑗 + 𝑧2𝑘)  

= 𝑥1𝑖. (𝑥2𝑖 + 𝑦2𝑗 + 𝑧2𝑘) + 𝑦1𝑗. (𝑥2𝑖 + 𝑦2𝑗 + 𝑧2𝑘) + 𝑧1𝑘. (𝑥2𝑖 + 𝑦2𝑗 + 𝑧2𝑘)  

𝑏𝑢𝑡 𝑖. 𝑖 = 1 ∗ 1 ∗ cos 0 = 1   and   𝑖. 𝑗 = 1 ∗ 1 ∗ cos 90° = 𝑧𝑒𝑟𝑜 

Therfore  𝒖. 𝒗 = 𝑥1𝑥2 + 𝑦1𝑦2 + 𝑧1𝑧2     

 

𝒖. 𝒗 = |𝑢||𝑣| cos 𝜃  
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𝜃 = cos−1 (
𝒖. 𝒗

|𝑢||𝑣|
)  

Ex. 

Sol. 

Ex. 

Sol. 
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3.1.1. Perpendicular (Orthogonal) Vectors 

Two nonzero vectors u and v are perpendicular or orthogonal if the angle between them is 

𝝅

𝟐
 𝒐𝒓 𝟗𝟎° 

 

 

 

3.1.2. Properties of the Dot Product 

The dot product obeys many of the laws that hold for ordinary products of real numbers 

(scalars). 

 

 

 

 

 

Ex. 
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3.1.3. Vector Projection 

   The vector projection of 𝒖 = 𝑃𝑄⃑⃑⃑⃑  ⃑ onto a nonzero 

vector 𝒗 = 𝑃𝑆⃑⃑ ⃑⃑   is the vector 𝑃𝑅⃑⃑⃑⃑  ⃑ determined by 

dropping a perpendicular from 𝑄 to the line 𝑃𝑆. 

The notation for this vector is 

𝒑𝒓𝒐𝒋𝒗𝒖      “the vector projection of u onto v” 

 

If u represents a force, then 𝒑𝒓𝒐𝒋𝒗𝒖 represents the 

effective force in the direction of v 

If the angle 𝜃 between u and v is acute, 𝒑𝒓𝒐𝒋𝒗𝒖 

has length |𝑢| cos 𝜃 and direction 
𝒗

|𝒗|
 . If 𝜃 is 

obtuse, cos 𝜃 < 0 and 𝒑𝒓𝒐𝒋𝒗𝒖 has length 

−|𝑢| cos 𝜃  and direction 
−𝒗

|𝒗|
 In both cases 
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The number |𝑢| cos 𝜃 is called the scalar component of u in the direction of v (or of u 

onto v). To summarize 

 

 

To expresses u as a sum of orthogonal vectors.  

 

 

 

(1) 

 

 

(2) 

Ex. 

Sol. 
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3.1.4. Work done 

If a force F moving an object through a 

displacement 𝑫 = 𝑃𝑄⃑⃑⃑⃑  ⃑ has some other 

direction, the work is performed by the 

component of F in the direction of D. If 

𝜃 is the angle between F and D , then 

  

 

Ex. 

Sol. 
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Note: Exercises 12.3. in Thomas Calculus 12th edition have the similar problems 

above. 

3.2. The Cross Product 

The cross product of two non zero vectors 

𝒖⃑⃑  𝑎𝑛𝑑 𝒗⃑⃑  inclined to each other at angle 𝜽 (𝜽 is 

counted +ve in the anti-clockwise direction 

and –ve in the clockwise direction) is a vector 

quantity denoted by  𝒖⃑⃑ × 𝒗⃑⃑  and defined as 

follows 

  

3.2.1. Parallel Vector 

Since the sines (sin 𝜃) of 0 and 𝝅 are both zero, it makes sense to define the cross product 

of two parallel nonzero vectors to be 0. If one or both of 𝒖⃑⃑  and 𝒗⃑⃑  are zero, we also define 

𝒖⃑⃑ × 𝒗⃑⃑  to be zero. This way, the cross product of two vectors 𝒖⃑⃑  and 𝒗⃑⃑  is zero if and only if 

𝒖⃑⃑  and 𝒗⃑⃑  are parallel or one or both of them are zero. 

 

Ex. 

Sol. 
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3.2.2. Properties of the Cross Product 

The cross product obeys the following laws. 

 

 

3.2.3. Area of Parallelogram 

The area of the parallelogram is determined by 

magnitude of  |𝒖⃑⃑ × 𝒗⃑⃑ | because 𝒏⃑⃑  is a unit vector, 

|𝒖⃑⃑ | being the base of the parallelogram and 

|𝒗⃑⃑ |  𝐬𝐢𝐧𝜽 the height as shown in figure.  
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Ex. 

Sol. 

Ex. 

Sol. 

As shown in figure 
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3.2.4. Torque  

When we turn a bolt by applying a force F to a wrench , 

we produce a torque that causes the bolt to rotate. 

 

Or |𝒓⃑ × 𝑭⃑⃑ |. If we let n be a unit vector along the axis of 

the bolt in the direction of the torque, then a complete 

description of the torque vector is or 𝒓⃑ × 𝑭⃑⃑   

 

Recall that we defined 𝒖⃑⃑ × 𝒗⃑⃑  to be 0 when 𝒖⃑⃑  𝒂𝒏𝒅 𝒗⃑⃑  are parallel. This is consistent with 

the torque interpretation as well. If the force F is parallel to the wrench, meaning that we 

are trying to turn the bolt by pushing or pulling along the line of the wrench’s handle, the 

torque produced is zero. 

Ex. 

Sol. 

Ex. 

Sol. 

Values from previous Example 
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3.2.5. Triple Scalar or Box Product 

 

Note: The dot and cross 

may be interchanged in a 

triple scalar product 

without altering its value. 

Ex. 

Sol. 
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Note: Exercises 12.4. in Thomas Calculus 12th edition have the similar problems 

above. 

 

Ex. 

Sol. 


