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d
Calculus IV Lectures for 2™ class

Lecture Six : Second order Differential Equations
(Non- Homogeneous Equations Type Equations)

Second Order Non-homogeneous Lnear Equations

Now, we solve non-homogeneous equations of the form

v

0 hy=F(y)
S )

The procedure has three basic steps. First, we find the homogensous solution y,

(h stands for “homogeneous”) of the reduced equation

ﬂ+!£+by=0
o

econd, we find a particular solution ), of the complete equation. Finally, we add
Y o 3 to form the general solution of the complete equation. So, the final solution 15

V=134,
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LTrredeterrrrirrcd Coeffroterrs
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Tilre Mderfrodad of Dirrdlerermeirned CoelffToiernrs for Selecredd Egreariorns of rfee Forrme

d——:_hgai_._,_r;.}:F(I)
P e e

Iy F{x) fras o fervee o TThe exgprression for -,

A ¢ Corrstarer) O A rrorTrer Corestaret)

=" A ="

s1r(Aw) . cos(Re) B oosi ko)) - O sl oy

ax” 4 B 4 I - Eoe -+

Example
Solve the equation yv" +3v ="
Solurion

The homogeneous solution )y, can be found using the reduced equation

V'+3v=0
The characteristic equation is

D*+3=0
The roots are ;rizju"j,and }':=—j-u,|'lj:} a =0 and =43
So, ¥ =105 cos(~3x) + L sin(+/3x)

Since F(x)=e¢" thenlet y, = de" = y, =de" = y; = de”

Substituting into the differential equation v + 3v = 2" we get
. . . 1
Ae" +34de” =" = A+34=1 = ,:lzz
So, v, =—e"

And the complete solution is

y=0C cos(~f3x) + _, sin(~/3x) + %2”

Tmportant Note

The expression used for v, should not have any term similar to the terms of the

homogeneous solution Otherwise, multiply the tenm that 15 similar to the homogeneous

solution repeatedly by x unfil it becomes different.
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Example
Solve the equation " —3y"+ 2y =5&"
Solution
The homogeneous solution y, can be found using the reduced equation
V' '=3y"+2y=0
The characteristic equation 15
D’-3D+2=0
(D=-1)D=2)=0
The roots are r=1,and rn=2
v, =Ce" + Ce™”
Since F(x)=>5¢" thenlet y, = de’ = y, =de" = y; = de’
Substituting into the differential equation " — 33"+ 2y = 5S¢ we get
Ade" =3de" +24e" =5¢"
0=5¢" (Wrong Answer)
The trouble can be traced to the fact that e* 1s already a solution m the
homogeneous equation v, = Cie" + Ce™".
The appropriate way is to modify the particular solution to replace .de” by
v, = Axe’
Vp =dxe’ + de’
vy =dxe’ + de’ + de” = Axe’ +24e
Substituting into the differential equation ¥ = 3"+ 2y =5¢" we get

(Axe” +24e" )= 3(Axe”™ + A& )+ 24xe” =5¢°
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So, v, ==3xe"
The complete solution (general solution) 15

v=C¢ +Cie" —5xe

Example
Solve the equation
(@) V' =61 +9y=¢", (b) ' =1"'=35¢" —sm(2x)

€y v =y'=2y= 4x°

Solution

(a) The homogeneous solution ¥, can be found using the reduced equation

V=6V +9y=10
The charactenistic equation 1s
D’ -6D+9=0
(D=3 =0
The roots are n=n=3

v, =(Cx+C,)e™
Since F(x)=e" thenlet y = Ae™ But, e’ is similar to the second term of th

homogeneous solution so, let v, = Axe™ . Again Axe™ is also similar to the firs
term of the homogeneous solution Finally, let

T 3y ; 1 3y 3
vy=dAxe’ = y,=34dxe’ +24xe”
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vy = (94x"e™ + 6Axe™ }+ (6.A4xe™ + l{e?h}
=94x e +12.4Axe™ +2.4e™
Substituting into the differential equation v"— 61"+ 9y =¢"" we get
3

(9.4x°™ +12.4xe™ + 2.4 EEI}—'ﬁB..iT]EEI +24xe™ )+ 947 =

E;JEEI ix

=g
= 24=1
1
= A==
2
|
S0, Yp=7X€&

- . E ]- T 3
The general solution is v=(Cix+C)e™ + ;:r‘e?"T

i

(b) The homogeneous solution ¥, can be found using the reduced equation

yi=y=0

The characteristic equation 15
D*-D=0
D(D-1)=0

The roots are rp=1,and rn =0

v, =Ce" + C,

= de" + Bcos(2x) + Csm(2x). But,

Ae" 1s similar to the first term of the homogeneous selution so. let

Since F(x)=>5e¢" —sin(2x) then let v,
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v, = Axe" + Beos(2x) + Csm(2x)
v, = dxe" + de" =2Bsin(2x) + 2C cos(2x)
vy =dxe" + e’ + de” —4Bcos(2x) - 4Csmn(2x)

= Axe" + 2 4e" —=4Bcos(2x)—4C sm(2x)

Substituting into the differential equation v" — 3" = 5¢” —sin(2x) we get
(Axe™ + 2.4e” —4Bcos(2x) - 4C sin(2x))

—(Axe” + Ae” =2Bsin(2x) + 2C cos(2x) )= 5e” —sin(2x)

Ae" —=(4B + 2C)cos(2x) + (2B = 4C )sin(2x) = 5e" —sin(2x)

= A=5 (4B+2C)=0, (2B-4C)=-1
or A=35, B:—l- C:é
10 5
So. v, =35xe" —LCDE(EI:I + l51':|:1[:.’£:r:||
" F 10 5

The general solution 15

y=w+¥y,=0¢e +C +5xe’ —%cm(h‘} + ;fsi_u[h')

(c) The homogeneous solution ¥, can be found using the reduced equation
VvVi=yv=2v=0
The characteristic equation 1s

D =D=2=0
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(D=2)D+1)=0

The roots are rn=2.and r, ==1

.T'_ﬁ — C]E:.T + C-:E_—.T

Since F(x) =4x" then let
v,=AX +Bx’+Cx+D = ¥, =34x"+2Bx+C
vy =64x+2B

Substituting into the differential equation " — 3’ =2y = 4x° we get
64x + 2B—(34x + 2Bx + C)=2(4Ax" + Bx? + Cx + D)= 4x°
=24 =(34+2B)x" +(6A4=2B=2C)x+(2B=-C=2D)=4x’
= Ad=-=2
34+2B=0 = 3(-2)+2B=0 = B=3
64A-2B-2C=0 = 6(-2)-2(3)-2C=0 = C=-9
15

2B=-C=-2D=0 = 2(3)-(-9-2D=0 = D=—
2

So, v, ==2x" 4+3x" =9x+75

The general solution 15
y=Ce " +Ce" =2x +3x =9x+7.5
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Example

P =9x" +2x-1
D=0 = n=rn=0 = y,=Cx+C,

¥ =_1':|[.-1.1': + Bx + C}

D'-D=0
DD-1)=0 = n=0andn=1= y, =C+Ce

Vo= x(Ax + B)

D" =5=0
(D=5 D+~5)=0 = r=45andnr==5
Vi = {f“-_eﬁr + Cje_ﬂ"'

v, =Ae +Bx+C

> ¥ =4y +3y=e&"+2
D*—4D+3=0
(D=3)(D=1)=0 = r=3andn=1= y, =Ce™* +C,e"

v, =Axe’* + B
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» ¥ +y==06e" +6cos(x)
D*°4+1=0 = n=jandr,=—j = a=0, =1
¥, = C, cos(x) + C, sin(x)

v, = Ae™* + x(B cos(x) + Csin(x))

# V' =2y +yv=x¢€"
D*=2D+1=0
(D-1"=0 = r=n=1= y, =(Cx+C.)e"

v, =(4x+ B)(x"e")

= ¥+ y=x sin(2x)
DP+1=0 = n=jadn=—j = a=0, =1
v, = € cos(x) + C, sin(x)

Y, = |4x* + Bx+ C) (cos(2x) + sin(2x))

Notes:

1 -1
+a, x4+ _4+a_x+a, =0

To find the roots of an equation X" + a;x™"
# risarootof f(x)if f(r)=0.
# T is arepeated root of f(x) if f'(r)=0.

# If r 1z a root then 7 must be a factor of a,.

# If r isarootthen f(x) is divided by (x —71).
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..E.J.-ﬂ'irﬂ'EF-E'
X" +4x*=3x-=18=0

Factors of 18 are: (£1., +2, +£3. +6, +9, +£18)
=01 +41) =3(1)-18==16=0
F(=D=(-1) +4-1) =3(-1)—-18==12=0
F(2)=02) +42)" -3(2)-18=0 = 5n=2.
f(x)=3x" +8x-3
F =302V +8(2)=-3=25=0 — 1; = 2 is not a repeated root.
. +6x +9
x =2 xr 4+4x° —3x -—18
Fx' +2x°
6x° —3x
F 6 Tl2x
9x =—18
F9x +18
0 0
X' +6x+9=0 = [1‘+3}:=D — =1y ==3.
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Fariafion of Parameters

Thizs method assumes we already kmow the homogensons solotion
Ve = G (xX) + G (x)
The method consists of replacing the constants | and O, by functions v, (x) and
Vv, (x) and then requiring that the new expression
Wy = Vil & Vol
and by solving the following two equations
Wik, + Vi, =0
Wik +Van, = F(x)

for the unknown functions V] and v using the following matrix notation

wy  wy v ] 0
L; HJL-;]__F-:I}]

Finally 1v; and Vv, can be found by integration.
In applyving the method of variafreon af paramefers to find the particular solutioom,
the following steps are takem:

i. Find v] and % using the following equations

0 i, P 0
V= L’-‘{x} :.'gl _ —u, Fx) ) V= wy, F(x)|  wF(x)
(T T D - [TH 8 D
T LTI
where D :.'_. (1
{THE T4

in. Integrate V] and v; to find v, and v, .
iin. Wote the particular solation as

Y= v ,
¥ iy Vol

Exarnple

Solve the equation d_:_l_l + 2 a_ 3y=06
e i

S onlridr o
The homogeneous solution 1, can be found using the reduced egquation

AV, > 3, _g
de | ax
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The characteristic equation is 27 4+ 27— 3 — 0 and the roots of this equation are

fp=—3 and 7, =1, so
W, = T 2 et
Then , — &, L, = 2"
E—B; e*
D= o d=e7"" + 3™ ==
— 3 =]
0 e- e 0
6 e" — 6-&" 3 . SE—JL 5 62-3L 3_ -
v = - = ——— — v = — _— =
s de—- e 2> = A= A" 2
3’ T I 3 -
Vv, = | — — = e 2 ¥V, = | — * —_— e —
. j lé‘ X > e - _|- > e > =]
1 Ix =3 — = ]
N, =WVl +Vali, =] ——e " & +| — =& = -2
- 3 ES
W=, + N, = CLe + et — 2

Excarrple
Solve the eguation V" — 2% "+ 3 =& Inyx)

Solutron
The homogeneous solution )V, can be found using the reduced sguation
¥ —2%" =10
The characternistic equation is

D —2D4+1=0

(D —1)2 =0

The roots are P =7z =1
The sobution is a7, = 20+ O, e
M, = Ciwe™ 4+ CLe™
From that we have oy (X)) = we™, and i {x) =™
D — ':'_EL . £:|=x§-:* —(we™™ &) = —a "
e + e =2
| L] e‘l
v — - ln(.‘fj!L er| —11::_(.1‘_‘)‘&': c 1)
— =" — ="
e L0 ]
vy — et e -.EA T %) _x ]_11(:-\.?*&*—* — —xInCx)
— e — ="
Wy j]:l:L(:'.‘ o = o oy — x
vo = — [ 2 (oo hed
= 1oy —= dr:=%_ o = —= » =1‘L_3—_
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The particular solution 15

¥, =Viliy + Vsliy = (X In{x) — x |xe’ +[%— %]ﬂ{l‘]}ﬁ“

. , x* x*
=x¢ Inx)-x¢' +TE‘ - TE’." In(x)

-

ol |

The complete solution 1s

il

¥ L L '-I'-- N - 31": L
y=¥+),=Cxe' +Ce' +—¢ ]ﬂ{.\]—TE

Exercises

Find the solution of the following Differential Equations

1) y'+y=3x 2) Y +2y +y=x

3) ¥y +2y' +3y=27x 4) V" +y=-30smn(4x)

5) ¥+ y=6sm(x) 6) V' +4y +3y=smx)+2cos(x)
7y ¥y +4y' +4y=18cosh(x) 8) y"—2y'+2y=2e cos(x)

9) y¥ —5y"+4y=10cos(x) 10) y"+y —2y=3¢€

11) " +y=x +x 12) y"—y=¢"

13) y"' -2y +y=¢€" 14) y'+y +y=x+4x +12x°
15) y"+2y" =y —2y=1-4x° 16) y"—2y"'+2y=2¢e" cos(x)
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