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Chapter three
Derivatives

8- Derivative using the definition

The Derivative of the function y = f(x) is the function y' = f'(x) whose

value at each x is define by rule

y=fx) =y =f

dy . f(x+A4Ax)— f(x)
= — = lim
dx Ax-0 Ax

Definition: If y = f(x) is a continuous function, then we define the derivative

of function as a limit as

_dy Gt A0~ f)
— = lim

Y T dx axa0 Ax

Example:- Find the derivative of the function y = x? by define.

Solve:
y = f(x) = x* and
f(x+ Ax) = (x + Ax)? = x? + 2xAx + (Ax)? , then

, _dy limf(x'*'Ax)—f(x)
Y =dx_ Axb Ax

- —1.'%



x4+ 2xAx + (Ax)? — x?
= lim
Ax—0 Ax

2xAx + (Ax)?

- AlchI—E}) Ax
- Ax[2x + Ax]
= lim
Ax—0 Ax
= lim 2x + Ax
Ax—0
= 2%
9- The Rules for Derivative
dy .
1-fy=a = = 0, where a is constant.
R e dy _
Example:y =2 = 7 = 0.
2-fy=x"= % =nx"1, wheren any number.
Ay a2 dy 5 .-2-1_ _5.-3
Example: y =x"“ = =~ 2x = —=2x"".
3-If y = ax™ Y _gonat,
dx
) g dy _ 4. 1,5-1_ 4
Example: y = 43/x = =4 a3 = T
A dy _du A dv
4-ify = ulx) +v(x) = rrtmb et

Example:y=2x2+8—5x4=>%=4x+0—20x3=4x—20x3.

5-Ify = blu(x)|" = % =b-nlu(x)|*? -Z—:where b is constant.

Example: y = 3(2x2 — x + 4)7 =>%= 3-7(x2 —x+4)% (4x—1)



e dy _ .0 du
6-If y =u(x) v(x)ﬁdx—u(x) dx+v(x) T

Example:y = (x* + 1)(x = 3)? = (% + 1)[2(x — 3)] + (x — 3)?[2x]

dy _ v p-ux)E
u(x 7 dx
7_ 'fy — ( ) — _y — dx dx
v(x) dx [v(x)]?
xZ+1 d 3x%2+2x) (22)—(x?+1)-(6x+2
Example: y = — dy _{ 2R~ 2)( )
3x=+2x dx [3x2+2x]
_(6x° +4x*) —(6x° +2x7 +6x+2)  2x*—6x—2
B 9x* + 12x3 + 4x2 T 9x* 4+ 12x3 + 4x2
10- The Derivative of trigonometric functions

1- y = sin(g(x)) = y' = cos(g(x)) - g'(x)
2-y=cos(g(x)) = y' = —sin(g(x)) - g'(x)

3-y =tan(g(x)) = y' = sec*(g(x)) - g'(x)

4-y = cot(g(x)) = y' = —csc?(g(x)) - g’ (x)

5-y =sec(g(x)) = y' = sec(g(x))tan(g(x)) - g'(x)
6-y =csc(g(x)) = y' = —csc(g(x)) cot(g(x)) - g'(x)

Example:- Using the definition of the derivative of a function to find the

derivative of the functions

1- f'(x) = x3 + 2x

Solve:
; o f(x + Ax) — f(x)
f(x) = lim T
_ 1 (x + Ax)3 + 2(x + Ax) — (x3 + 2x)
ad=a B Aaltg}) Ax
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_ i X 32%A% + 3x(A%)% + (A%)° + 2x + 2Ax
= 4% -

_x3_2x

. 3x2Ax 5 Bx(Ax)Z e (Ax)3 s 2 Ax
= lim
Ax—-0 Ax

. Ax[3x% + 3xAx + (Ax)? + 2]
= lim
Ax—0 A

= lim 3x% + 3xAx + (Ax)? + 2
Ax—0
=3x%2+2
2- y — \/;
Solve:

Q_ f(x+AX)—f(x)

dx N Ax—0 Ax

\/(x+—Ax\/—
o

Ax
P (V& + 20 — V) (V& + bx) + V)
g [T

: (x+ Ax) — x
= lim

Ax—=0 Ay (m o \/E)

Ax
= lim

AanAX(\/(x-F—Ax-_*_\/—)

1
= lim

Ax—0 (m_{_\/_) 2\/‘;




Example:- Find the derivatives of the following functions.

1- f(X) =x"—x5+x*-19 = f'(x) =7x%+5x7%+ 3x?

. = xVx2 — () — _X2X 7 4 _ 2x-1

2-g(x) =xvx? -1 = g'x) 2\/Jﬂ+\/x s
1 ;L -2 2

3-y=x+x_2 = y—1+x—3—1—x—3

11- The Derivative of Natural Logarithm functions

If y is function given by y =In(g(x)), where g(x) > 0, then the

derivative of y is

g'(x)
=In(g(x)) = "=
y 9 y 9(0)
For Example:-
1
1-y=In(x) = _y=R
x
3y =In( +20) e N\PTe St2
=0 % Y =X t2x
12- The Derivative of Exponential functions

The function e9™ has the derivative given by
y = eg(x) — y’ = eg(x) 5 g'(x)
For Example:-

1—-y= ex’—* =5 y = ex’ —x. 2x—1)

............................................



Example:- Find the derivatives of the following functions.

1- f(x) = sinx? + cot(x* — 1)

Solve:

f'(x) = 2x cos x? —4x3 csc?(x* — 1)

2- g(x) = csc(x?) — 1

Solve:
) —2x csc x2 cot x?
g \xX)=
2 /csc(x?) — 1
_ —xcsc x? cot x?
Jese(x?) — 1
3-y=1In(2x — x7?)
Solve:
,_ZF 2x73
Yy = 2x — x~2
1
4- f(x) = ex
Solve:
df 1 -1

x -
dx x2



5- y = cos(e?¥)

Solve:
% = —2e%* sin(e?)
6- y = (sec(2x) + tan(3x)) 2 H.W.
7-g(x) =In \/1—3 H.W.
8- h(x) = xIn(e‘°t¥) H.W.

13-  The Derivative of y = a9*) , where a > 0

If f(x) is a function given in the form y = f(x) = a9 , then the easiest
way to find the derivative y’ is by taking logarithms.
Iny =Ina9®
= Iny=g(x)Ina where Ina?® = g(x)Ina

!

y
= —=g'(x)Ina
y

= y =y-g(x)Ina
= y =a9® - g'(x)Ina ,wherey = a9

Thus,if y = a9® = y' =a9®.-g'(x)Ina .
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Example:- Find the derivatives of the following functions.

1-— f(x) = 2(*-2) =  f'(x)=20"% 4x® -1)In2
2 — y = 7(sinx?) = 3y =706") 25 cosxZ1n7
3 x—1 3 x—1 1 3
a0-Q) = v0-@)7 gm0
gx) =5 gx) =\3 i1 Q2
14- The Derivative of trigonometric reverse functions
d . 1
1——sin""'x = ——
dx 1-—x2
) d .
1z 05 X = ——
3——tan lx = 2
dx 1+ x2
4 d t1lx= 1
dx " T 112
d i 1
b——secT X =———
dx xvxt =1
d -1
6 ——csc lx=——
dx xVxZ —1

Ny
Example:- Find e

1- If y = sin"1(2x?) = ==
dx ’1—(2x2)2




dy 2x+2

2-If y=tan"1(x% + 2x = AR ... S
Y ( ) dx 1+(x2+2x)2

fi_y_ _ 2x+3—(—sin(x))

3-If y=sin"1(x%? + 3x — cos(x)) = =
x Jl—(x2+3x—cos(x))z

4- If y = cos 1(x% + tan(2x)) H.W.

1

1—x2

Example:- If y = sin"1(x) , Prove that % =

Solve:
y =sin"1(x) = x =sin(y)
dy
= 1 = cos(y) dx
d
= Y -
dx cos(y)
dy 1
> o
dx /1 - sin%(y)
_ 1
1 — x2
-1 dy -1
Example:- If y = cos™ " (x) , Prove that = = H.W.
dx 1—x2



