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Chapter two

Theorem of Limit

3- Not the following Rules hold if

limf(x) =L and limg(x) =

x-a x-a
8 lim,,c=c , where c€R
9- lim,_, f(x)c =clim,_, f(x) =cL , where c€R
10- lim,,(f(x) + g(x)) = lim,, f(x) + lim, ,,g(x) =L+ M.
11- lim,_,(f(x)-g(x)) =lim,_, f(x)-lim,_,g(x)=L-M.

. f\ _ limyqf(x) _ L
12- lim,_,, (-g—(;)) = iy g — M’ where M # 0.
13- lim,_,[f(x)]" = [lim,_, f(x)]* =L"™ , where mne€N,
Example:- Evaluate the following Limits.

1—1lim
x—-0

Solve:

x*—x+1]°
x—1

lim
x—0

et —x+1 x —x+1
x—»O

[llmx - lm(}x + llmll 0-0+ 1]3

_ | x>0 —
limx — lm(}l 0-1

x—-0



x+5 x—05
Solve:
i x* — 25| [x* — 25 i x* —25 i x? - 25
=1
x5| x+5 || x—5 | x8| x+5 |x5| x—5
__25—2ﬂr (x —5)(x + 5)
[ 5+5 |x5 x—5
BBy =0
~ 5+5 R
Jy2+12 -4
3 —lim 4
y-2 y—2
Solve:
) S+ 124 9 (Vi +12-4)(H? +12 +4)
1m = 11m
i Y =2 (y-2)(Vryr+12+4)
_ y? +12 - 16 . y: —4
= lim =lim

~2(y-2)(\pZ+12+4) Yriy-2)(JyE+12+4)

. y—-2)y+2) o y+2
= lim =lim
2(y-2)(Vy2+12+4) 7i(yE+12+4)
4 1
4+4 2



4 — i K. HW
tl—{?tz—t—lz Y

x3+x+2
5 — lim HW.
x-»-1 x+1
Example:- If £(x) = x% — x then find limj,_o =27
Solve:

Sincef(x) =x*—x, f(x+h)=(x+h)?—-(x+h) and

fx+h)=f@x) _  (x+h)* — (xghh) (T x)
m = lim

h—0 h h—0 h
x2+2hx+h?—x—h—-—x*+x 2hx + h* — h
h—0 h h—0 h
h2x+h—-1
= lim ( ) =lim2x+h-1)
h—-0 h h—0

2x+0—-1=2x-1

4- Infinite Limits
Some times we need to know what happens to f(x) as x gets large and

positive (x » ) or large and negative (x » —o0) consider a function

f(x) = %what dose lim,_, ., f(x),

f(x) gets close to 0, as x gets large and large , this is written

1 1
Iim—=20 or lim —=0
x—o00 X x——00 X

S
b s |



Example:- Find the following Limits if they exist

o x3+2x+1
1—lim
x—o 3x34+1
Solve
3
X 2x 1
x3+2x+1_l_ 2T 3Ta3
oo 3x3+1  xoe 3x3 1
x3 X3
2 1
= lim 1 3
X 3+'—3
2 1 4x — 2
xl—»lgxz 3
Solve:
i 5 4x 2
X—a X2  x2
xl—»l};loxz 3 }fl—{gxz 3
x% ' x2
+ 2
2
- im% 2
x

3 — lim(x —/x% + x)
X—00

Solve:

o
lim(x —+/x% + x) =)lci_’lg(x—\/x2+x) gi\/%;

X— 00




lim (x% — (x* + x)) — lim —x
T x4V Lx) TP (x 4V F )

X

= lim = lim =
%200 (x+\/x2+x) e X x- "
Gtxz xz)

L -1 -1 -1
= 11m = ot
X—00 1+vV1+0 2
i+ findy | )
9x — 1
4 — lim HW.
x—o | x+ 1
. VxZ+x
5—-1lim—— HW.
x-»o X+ 1
Notes
sin x
1 —1lim =1
x-»0 X
1—cosx
2—lim———=0
x-0 X
tan x
3 —1lim =1
x-0 X
sinax
4 — lim =

x~»0 ax




5- Right and Left Limit

& X A
Example:- Is lim,_,q l-x—l existatx =07?

Solve:

X X
1—1lim—=1lim—-=1im(1)=1
-0t X x-0tx x-0t

X —X
2—1lim—=1lim—=I1lim(-1)=-1
x-0" X x-0" X x-0~

o lxl o |x]
lim —# lim —
x-0t x x-0" Xx

Then Limit is not existat x = 0

Example:-
2x+1 x>1
f(x) =45 x=1
7x2 -4 x<1
Solve:

1—-xlilgf(x) =}1)1};r(2x+1) =xllr1qr(2-1+1) =3
2—lim f(x) = lim(7x* -4)=1lim(7-1-4) =3
X~ LN x-1~ x—-1"

Jim £() = lim £

Then Limit is exist at x = 1, and equal 3.



6- Hopital Rule

Using the Limit Hopital Rule for Ralition function at E or % such that
derivative

. : x2-4
Example:- Find lim,_,, —

Solve:

. x’-4 o
lim,_, — = - then

x: -4 2x
lim =lim—=2:2=4
-2 x—2 -2 1

5 . sinx—x
Example:- Find lim,_,, —z

Solve:
. sinx-x __ 0
lim,_,q =z '3 then
. sinx—-x __ .. cosx-1 _ 0
llmx_,z —z = llmx_,z 0 then
i cosx —1 i —sinx 0 0
1Im-————=11m S et
x—-2 2x x-2 p.s Z

Example:- Find the following Limits by using Limit Hopital Rule

VI+x—1—%
1—-lim 5
x—0 X




Solve:

) Vitx-1-Z
lim,_, Tl — 5 then

-1

Vitx-1-% Na+nz -3
lim,_,o %Z = lim,_, (_2%1 = g P then
1 -1 1 1 =3
- (Qa+nz-z  -(z)a+nr -1
lim = lim
x—0 2x x—0 2 8
X —sinx
2 — lim 3
x—0 X
Solve:
lim,_,, x_:;"x =2  then
lim,_,, x_:;nx = lim,_,, 1—cozsx = g— , then
lim,.o 52 = lim, o 52X = @ then
_ sinx . cosx 1
lim = lim = —
x-0 6x x-0 6 6
3 —lim[secx - tan x] HW.
x—»i
- In(x+1) —2x
4 — lim HW.

x—0 x2



